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One of the mos t  powerful tools for dea l ing wi th unbalanced polyphase circu i ts 
is the method of symmetrical components in troduced by C. L. Fortescue. ! 

Fortescue's work proves that an unbalanced system of n related phasors can be 
resolved in to n systems of balanced phasors called the symmetrical components 
of the origina l  phasors. The n phasors of each set of componen ts are equal in 
length , and the angles between adjacent  phasors of the set are equal .  Al though 
the method is appl icable to any unba lanced polyphase sys tem ,  w e  confine our 
d iscussion to three-phase systems. 

I n  a three-phase system which is normally balanced, unbalanced fau l t  
conditions generally cause unbalanced curren ts and vol tages to  exist in  e ach of  
the phases. I f  the curren ts and vol tages are related by constant impedances, the  
system is  sa id  to be  linear and the principle of superposi tion applies. The 
voltage response of the l inear system to the u nbalanced currents can b e  

determined by  considering the  separate responses of the individual elements to 
the symmetrical components of the currents .  The system elements of interest 
are the machines, t ransformers, transmission l ines, and loads connec ted to 6.. or 
Y configurations. 

I e. L. For t escue, " M ethod of Symmetrical Coord i n ates Applied to the Solu t ion of Polyph ase 
Networks, "  Transactions of AlEE, vol. 37, 1 9 1 8, pp. 1 027- 1 1 40. 

4H l 



1 1 . 1  SYNTH ESIS OF UNSYMMETRICAL PHASORS FROM THEIR SYMMETRICAL COMPONENTS 417 

In this chapter we study symmetrical components and show that the 
response of each system element depends, in general, on its connections and the 
component of the cu rren t being considered. Equivalent circui ts, cal led sequence 
circuits , will be developed to reflect the separate responses of the elements to 
each current component .  There are three equivalent circuits for each element of 
the three-phase system. By organ iz ing the individual equivalent c ircu its in to 
ne tworks accord ing to the interconnections of the elements, we arrive a t  the 
concept of three sequence networks . Solving the sequence networks for the fault 
cond i tions gives symmetrical cu rrent and vol tage components which can be 
combined together to reflect t h e  effects of the original unbalanced fau l t  currents 
on t he overa ll system . 

Ana lys is by symmetrical components is a powerful tool which makes the  
calcu la t ion of  unsymmetrical fau l ts a lmost as  easy as  the calcu lation of  t hree­
phase fau lts . Unsymmetrica l fau l ts  are stud ied in Chap. 1 2. 

1 1 . 1  SYNTHES I S  OF UNSYMMETRICAL 
PHASORS FROM THEI R  SYMMETRICAL 
COMPONENTS 

Accord ing to Fortescu e's t heorem, th ree unba l anced phasors of a three-phase 
system can be resolved in to th ree balanced systems of phasors . The ba lanced sets 
of components are : 

1 .  Positive-sequence components consist ing of three phasors equal in magnitude ,  
d isplaced from each other by  1 200 in  phase, and having the same phase 
sequence as the  original phasors, 

2 .  Negative-sequence components consist ing of three phasors equal in magni­
tude ,  d isp laced from each o ther by 1200 in  phase, and having the phase 
sequence opposite to tha t  of the or ig ina l  phasors, and 

3 .  Zero-sequence components consis t ing o f  t hree phasors equal in magn itude 
and wi th zero phase d ispl acemen t from each other. 

I t  is customary when solvi ng a p rob lem by symmetrica l components to 
designate the  th ree phases of t he sys lem as a, b, and c i n  such a manner that 
the phase sequence of the voltages and cu rrents i n  the system is abc .  Thus,  the 
phase sequence of the pos it ive-sequence components of the unbalanced phasors 
is abc, and the p h ase seq u e n ce o f  the nega tive-sequence components is acb .  I f  

the ori ginal phasors are voltages, they may be  designated Va ' Vh ' and VC . The 
three sets of symmetrica l components are designated by the addi t ional s uper­
scr ipt 1 for the posit ive-sequence components, 2 for the negative-sequence 
components, and 0 for t he zero-sequence components. Superscripts are chosen 
so as not to confuse bus numbers w i th sequence indicators l ater on in  this 
chapter. The positive-sequence components of Va ' Vh ' and Vc are Va( l ), Vb( I ), and 
Vc( l ) ,  respectively. Simi larly, the negat ive-sequence components are VY), VP), 

, 
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FIGURE 1 1 . 1  
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Three sets of ba lanced p h asors which a re the symmetr i ca l  compon ents of th ree u n b a l a nced ph asors.  

and Vc(
2
), and the zero-sequence components are Va(

O), V�O), and Ve(O), respec­
tively_ Figure 1 1. 1  shows three such sets of symmetrical components. Phasors 
represen ting currents wi l l  be design a ted by J with superscripts as for voltages. 

S ince each of the original unbalanced phasors is the sum of its compo­
nents ,  the  or ig ina l  phasors expressed in terms of their components are 

v = V (O) + V( l )  + V(2 ) a a a a 

v = V (O) + V ( I ) + V(2) c c c c 

( 1 1 . 1 )  

( 1 1 .2) 

( 1 l . 3 )  

The synthesis of a se t  of three unba lanced phasors from the three sets of 
symmetrical componen ts of Fig.  1 1 . 1  is shown in F i g .  1 1 .2_ 

The many advantages of analysis of power systems by t he method of 
symmetrical components wi l l  become apparent gradual ly as we apply the 
method to the  study of unsymmetrical fau l ts on otherwise symmetrical systems. 
I t  is sufficient  to say here that the method consists i n  finding the symmetrical 
components of cu rren t a t  the fau l t .  Th e n ,  t he v alues  of c u r r e n t  a n d  vol t a g e  at 
various poi n ts in the system can be found  by means of the bus impedance 
matrix. The method is s imple and leads to accu rate predictions of system 
behavior. 

11 .2 THE SYMMETRICAL COMPONENTS OF 
UNSYMMETRICAL PHASORS 

In Fig. 1 1 .2  we observe the synthesis of three unsymmetrical phasors from th ree 
sets of symmetrical p h aso rs .  The syn t h e s i s  is made in accor d a n ce w i t h  EQs. 
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FI G U R E  1 1 .2 
G raphical add i t ion of t he compo nents 

showll i l l Fig. 1 1 . 1  to obta in  three u n ­

balanced phasors. 

( 1 1 . 1 )  t h rough ( 1 1 .3) .  Now le t  us examine t hese same equat ions to determ i ne 
how to resolve th ree unsymmetr ica l  phasors i nto the i r  sym metr ica l  components . 

F i rs t ,  we note that the numbe r  of  unknown quant i t ies  can be  reduced  by 
exp ress ing each componen t  of Vb and Vc as the  p roduct of a compone nt o f  Va 
and some function of the ope rator a = 1�, which was introduced i n  Chap. 
1 .  Refe rence to Fig. 1 1 . 1  verifies t he fol lowing relat ions :  

V (O) = V (O)  
b a 

V Ol = a V (2) h a 

V ( O) = V (O) c a 

V ( l )  = a V ( I ) 
C 11 ( 1 1 04) 

R C f) C ( l t i ng Fq . ( 1 1 . 1 )  a n d  s u bs t i t u t i n g  Eqs. ( I  J . 4 )  i n  Eqs. ( 1 1 . 2 )  a n d  ( 1 1 .3 )  y ie ld  

V ( I ) + /I ( 1 1 . 5) 

( 1 1 .6) 

( 1 1 .7) 
or in ma t r ix form 

Va 1 1 1 V (O) 
a V eO) a 

Vb = 1 a 2 a V e l ) = A V ( l ) 
a a ( 1 1  J8) 

Vc 1 a a2 V (2) a V (2) 
a 
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where, for convenience, we let  

Then,  as may be verified easi ly, 

a nd premul t iplying both sides 0 f Eq. ( 1 1 .8)  by A - I yic Ids  

V (O) 1 1 1 Va Va a 
1 

V( l )  - 1 a a 2 Vb = A - I Vb a 3 
V (2) a 1 a2 a Vc Vc 

( 1 1 .9 )  

( 1 1 . 1 0 )  

( 1 1 . 1 1 )  

which shows us  how to resolve three unsymmetrical phasors into their symmetr i ­
cal  components. These rel ations are so important that  we  write the separate 
equ ations in the expanded form 

V(O) = � ( V + a 3 II 

V( l )  = � ( V + a V + a2 V ) a 3 a h C 

V (2) - � ( V + 2 , / a - 3 a a v.,) + 

( 1 1 . 1 2 )  

( 1 1 . 1 3 )  

( 1 1 . 1 4 )  

I f  required the components v,(0) V( l )  V (2) V (O) V ( l )  and V(2) can be  found by , b , b ' b ' c ' c '  C 
Eqs. ( 1 1 .4). Similar resul ts apply to l ine-to- l ine voltages simply by replac ing Va ' 
Vb' a nd � in above e q u a t ions by Vab ,  V"c , a n d  VCt" respect ive ly. 

Equation ( 1 1 . 12) shows that no zero-sequence components exist if the sum 
o f  the unbal anced phasors i s  zero. S ince the  sum of  the  l ine-t6- l ine voltage 
phasors i n  a three-phase system is always zero, zero-sequence components are 
never present i n  the l ine voltages regard less of the degree of unbal ance. The 
s u m  of the three l ine-to- l ine neutral volt age phasors is not necessarily zero, and 
voltages to neutral may contain zero-sequence components. 

The preceding equations could have been written for any set of rel a ted 
phasors ,  and we might have written them for currents instead of for vol tages. 
They may be solved e i ther analytica l ly or graph ic(l l ly .  Because some of the  
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preceding  equations are so fundamental ,  they are summarized for currents: 

I = 1 (0) + a a 

Ib = I�O) + a 2  

1 ( 1 ) + a 

1( 1 ) + a 

1 (2) a 

aI (2) a 

I = 1 (0) + c a a 1( 1 )  + a2I (2) a a 

J (O) = 1.. ( I + a 3 a 

J ( 1 )  = a t (  la + 

Ib + 

alb + 
J (2) = 1.. ( 1 + a 2 I + a :I u b 

IJ 
a2/c ) 

alc ) 

( 1 1 . 15) 

( 1 1 . 1 6) 

Fina l l y ,  these resu l t s  can be extended to phase currents of a � c ircui t  [such as 
tha t  of F ig .  1 1 .4( a )] by rep lac ing 111 ' 1,." and 1, by I,,/) , I;" . and IC Il )  respect ively. 

Example 1 1 . 1 .  One conductor of  a t hrec -phnse l i n e  is ope n . The current flow i n g  to 
the 6.-connccled load t h rough l i n e  ([  is l O A .  Wi th  the curren t  in l i ne (/ as 
rcfcn:nce and assuming  that l i ne c i s  open , f i nd  the symmetr ica l  compo n e n t s  o f  
the l ine cu rrents. 

Solution. Figure 1 1 . 3 is  a di agram of the circu i t .  The  line currents are 

Fro m Eqs. 0 1 . 1 6) 

1 = O A  c 

l�O) = H 1 0L2: + 1 0� + 0) = 0 

1 � I )  = H 1 0  L2: + 1 0  L 1 800 + 1 200 + 0) 

= 5 - j2 .89 = 5 .78L - 300 A 

1�2 ) = HlOLo + 10/ 1800 + 2400 + 0) 

= 5 + j2 .89 = 5 .78� A 

a----------------------� 

c ---- FIGURE 1 1 .3 
Circuit for Example 1 1 . 1 .  
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From Eqs. ( 1 1 .4) 

[gI ) = 5 .78/ - 1500 A 

If!.) = S .7H� A 

leO} = 0 c 

IP) = 5 .7B/ - <JO° A 

The resul t I�U) = J�U) = I�O) = 0 holds for any t h ree-wir e  sys tem.  

In Example 1 1 . 1  we note tha t  components 1� ' )  and 1�2 )  have nonzero 
values a l though line c is open and can carry no net current. As is expected ,  
therefore, t he sum o f  the  components in  l ine c i s  ze ro. Of cou rse, t he  sum o f  
t he  components i n  l ine a i s  1 0  � A, and  t he  s um o f  the components i n  l ine b 
is 10� A. 

1 1 .3 SYMMETRICAL Y AND d CIRCUITS 

In three-phase systems circuit elements are connected between l ines a ,  b ,  and c 
in either Y or fl. configuration .  Relationships between the symmetrical compo­
nents of Y and fl. currents and volt ages can be established by referring to 
Fig. 1 1 .4, which shows symmetrical i mpedances connected in Y and fl. .  Let us 
agree that the reference phase for fl. quantities is branch a-b .  The particular 
choice of reference phase is arbitrary and does not affect the results. For 
currents we have 

( 1 1 . 1 7 )  

a �--�----------� + 

Zy 
+ 

C ---1_---'-______ -----' 

(a) (6)  
FIGURE 11.4 
Symmetrical impedances: (a) �-connected; ( b) Y -con nected. 
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Adding all three equations together and invoking the definition o f  zero­
sequence current, we obta in  I�O) = ( Ia + Ib + 1)/3 = 0, which means that line 
currents into a D..-connec(ed circuit have no zero-sequence currents. Substituting 
components of current in the equation for Ia yields 

= ( J�g) - 15�» ) + ( /�b) - 15�» ) + ( /!�) - 11�») 
o 

( 1 1 . 1 8) 

Evident ly , if a nonzero value of circulat ing current 1��) exists i n  the D.. circu i t ,  i t 
cannot be determined from the l ine currents alone. Not i ng that 15�) = a"�h) and 1 ��) = a 211�t), we now write Eq. ( 1 1 . 1 8) as fol lows: 

1 ( 1 ) + f (2 ) = ( 1 - a ) 1 ( 1 )  + ( 1 - a 2 ) laC�) a a ab � ( 1 1 . 1 9) 

A s im i l a r  equat ion for phase b is 1 ( 1 ) + 1 (2) = ( 1  - a ) I ( I ) + ( 1  - a2 )J (2) and h b b e  b e  , 
express ing 1 ( 1 )  1 (2 ) / ( 1 ) and 1 (2 ) in  terms of  1 ( 1 ) 1 ( 2) 1 ( 1 )  and 1 (2) we obtain a b ' b ' b e ' be ' a  ' a ' a D ' a b ' 
resu l t ant equat ion which can be solved along with Eq.  ( 1 1 . 1 9) to yield the 
important resul ts 

j ( 1 ) = 13 / - 30° X 1 ( 1 ) a a b  ( 1 1 .20) 

These results amount to equat ing cu rrents of the same sequence in Eq. ( 1 1 . 1 9). 
Complete sets of posi t ive- and negative-sequence components of currents are 
shown in the phasoT d iagram of Fig. 1 1 . 5 ( a) .  

I n  a s im i lar. manner, the l i ne-to- l ine vol tages can be written in terms of 
l ine-to-neutral vol tages of a Y -connected system, 

v = V - V u f) o n  b n  

V" , .  : c o  V,,,,  - v: "  
v;,·u = v:." - �," 

( 1 1 . 2 1 )  

Add i n g  together a l l  three equat ions shows tha t  V:,(j/) = e V:, h  + V"c + V,, )/3 = O. 
J n words ,  lille-Io-line uolluges l/{fpe 1 10 zero-sequence components . Subst i tut ing 
components of  the vol tages in the equation for Vuh yie lds 

Ve l )  + V (2) = ( V eOl + V( I ) + V ez» )  - ( V (O) + V ( l ) + Vb('�» 
0 0  at> an an Ill! bll on , 

() 
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c a  
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components 

V (2) 
a n  

v (2 ) ab  

Negative-sequence 
com ponents 

[(2 )  a 

Posit ive- and  negat ive-sequence components of (a )  l i n e  a n d  de l ta  currents a n d  (b )  l ine-to- I i ne  a n d  
line-to- neutral voltages o f  a th ree-phase system.  

Therefore, a nonzero value df the zero-sequence vol tage v}�) cannot be deter­
mined from the l ine-to- l ine vol tages a lone .  Separat ing posi tive- and negative­
sequence quan tit ies in the manner exp l ained for Eq. ( 1 1 . 1 9), we obta in the 
importan t  voltage relat ions 

VCI ) = ( 1 - a 2 ) VC 1) ab a n  

( 1J. .23 )  
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Complete sets of positive- and negat ive-sequence components of voltages are 
shown in the phasor d iagrams of Fig. 1 1 .5 (b) .  If the vol tages to neutral are in 
per u ni t  referred to the base voltage to neu tral and the l ine vol tages are in per 
un it referred to the base vol tage from l ine to l ine, the 13 multipl iers must be 
omi tted from Eqs. ( 1 1 .23) . If  both vol tages are referred to the same b ase, 
however, the equations are correct as given .  Simi larly, when l ine and 6. currents 
are expressed in per un i t ,  each on i ts own base, the 13 in Eqs . ( 1 1 .20) 
d isappears since the two bases are related to one another in the rat io of f3 : l .  
When the currents are expressed on the same base, the equat ion i s  correct a s  
writ ten. 

From Fig. 1 1 .4 we note that �"j lab = Z 6. when there are no sources or 
mutua l  coup l i ng ins ide the c. c i r cu i t .  When posit ive- and negat ive-sequence 
quan t i t i es are both presen t ,  we have 

V ( I )  V ( 2) II h a i, 
1 ( 1 ) = Z:-, = 1 ( 2 )  

IIi> a i, 

Subst i t u t i n g  from Eqs.  ( J  J .20)  a nc.J ( J  J .23), we obta i n  
13- V ( I )� u n 

1 ( \ )  
_II � 13 

V ( l )  
a n  

so t hat ---

f ( I ) a 

- Z -- 6. -

Z(). 
-

3 

13 V}�) / - 30° 

1 (2) 
_a / - 300 
13 
v (2) 

a n  

1 (2) a 

( 1 1 .24) 

( 1 1 .25) 

which shows that the c.-connected imped ances Z6. are equivalent to the per­
phase or Y -connected impedances Z y = Z6./3 of Fig. 1 1 .6 (a)  insofar as posi-

( a )  (b)  

FI G U RE 1 1 .6 
( (I )  S y m m e t r ic ; 1 i  CI - cOI l Il e c t e d  i m r e d ; l ! l ccs and t h e i r  V-co n nected e q u iva l e n ts re l a t e d  by 2y = 26/3; 
( b )  Y - c o n n e c t e d  i m p e d a nces w i t h  n e u t ra l  connect ion  to g ro u n d .  

' 
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tive- or negative-sequence currents are concerned. O f  course, this resu l t  could  
have been ant icipated from the usua l  /1-Y transformations of  Table 1 .2 .  The 
relation Zy = Z/l/3 is correct when the impedances Z/l and Zy are both 
expressed in ohms or in per unit on the same ki lovo) tampere and vol tage bases. 

Exa mple 1 1 .2. Three identical Y -connected resistors form a load bank wi th a 
three-phase rating of 2300 V and 500 kVA. If  the load bank has appl ied vol tages 

I V',c l = 2760 V I V:'11 I = 230() V 

find the l i ne  voltages and currents i n  per un i t  i n t o  the load . Assume that  the 
neutral of the load is not connecte d to the neutral of the sys tem a nd select a base 
of 2300 V, 500 k V A. 

Solution. The r a t i n g  of the load bank c o i n c ides  w i t h  the s p e ci f ied base, and s o  t he 
resistance values are 1 .0 per u ni t .  On  the same base the g iven l ine vo l tages i n  per 
un i t  are 

I Vca I = 1 .0 

Assuming an angle of 1 80° for Vca and  us ing the law of cos ines to find t h e  angles 
of the other l ine vol tages, we find the per-u n i t  values  

Vab = 0 .8/ 82 .8° 

The symmetrical components of the l ine vol tages a rc 

= 1 (0 . 1 003 + jO .7937 + 0 .2372 + j l . 1 763 + 0 .5 + jO .8(60) 
= 0.2792 + jO .9453 = O .9t{S7/ 73 '()o pCI' u n i t  ( I i nc - to- l i n e  vo l t age base ) 

= � (0 . 1 003 + jO .7937 - 1 . 1 373 - jO .3828 + O .S --c jO .8660) 

= - 0 . 1 790 - jO . l 5 1 7 = 0 .2346/ 220 .30 per un i t  ( l i ne-to-l ine voltage base) 

The absence of a neutral connect ion means that  zero-sequence currents arc not 
present. Therefore, the phase voltages at the load contain posit ive- and nega tive­
sequence components only .  The p hase voltages a re fou nd from Eqs: ( 1 1 .23) with 
the {3 factor omitted since the l i ne  voltages are expressed in  terms of the base 
voltage from l ine to l ine and the p hase voltages are desi red in per u nit of the' base 
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voltage to neutral . Thus, 

= 0 .9857 / 43 .6° per un i t  ( l i ne-to-neutral voltage base) 

== 0 .2346/ 250 .30 per un i t  ( I ine-to-neutral vol tage base) 

Si ncc e a c h  resistor has an i m p e d a nce of 1 .0LQ:. pc r u n i t ,  

v ( l ) 
J� I )  = 1 .0/ � = 0 .9857 L 43 .6° p e r  u n i t  

/(2) 
= a 

V (2) 
� = O .2346i.3S0.3° per unit 1 . 0L.Q: 

The pos it ive d i rection of current i s  chosen to be from the supply toward the load. 

1 1 .4 POWER IN TERMS OF SYMMETRICAL 
COMPONENTS 

If the symmetrical components of current and voltage are known, the power 
exp ended in a three-phase circu i t  can be computed d i rectly from the compo­
nents .  Demonstration of this statement is a good example of the mat rix 
man ipulat ion of symmetrical components. 

The total complex power flowing into a three-phase circui t through three 
l ines a,  b ,  and c i s  

S· jJ I): V !  * V I * V j * 3</. "- ,  
+ J� = " "  + " I> + t· C ( 1 1 .26) 

where Va ' Vb ' and Ve are the vol tages to reference at the terminals and la ' lb ' 
and Ie are the currents flowing into the circuit in the three l ines. A neutral 
connection may or may not be present .  If there is impedance in the neu tral 
connect ion to grou n d ,  then the vol tages V;/ ' VI" and V;. must be in terpreted as 
vol tages from the l i ne to grou nd ra ther  t h a n  to n e u t r a l .  In  matrix notation 

( 1 1 .27) 
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where the conjugate of a matrix is understood to be composed of elements that 
are the conjugates of the  correspond ing elements of the original matrix. 

To introduce the symmetrical components of the vol tages and currents, we 
make use of  Eq. ( 1 1 .8) to  obtain 

( 1 1 .28) 

v(O) 
a 

] (0) 
a 

where and ( 1 1 .29) 

V (2) 
a I (Z) 

a 

The reversal rule of matrix al gebra states that the transpose of the product 
of two matrices is equal to the p roduct of the transposes of the matrices in 
reverse order. According to  this rule ,  

and so 

Noting that AT = A and that a and a Z are conjugates, we obtain 

or smce 

s = [ V (O) 3</> a 

534> = 3 

So, complex power is  

V( l ) 
a 

1 1 

a 

1 

1 

1 

1 

1 

1 

1 

a 

v(O) V ( l )  V (Z) 
a a a 

1 

* 

1 (0) 
a 

1 

1 

1 

1 

o U 

1 0 

o 1 

( 1 1 . 30) 

( 1 1 .3 1 )  

( 1 1 . 32) 

( 1 1 .33 ) 

which shows how complex power ( in voltamperes ) can be computed from the 
symmetr ical components of the voltages to reference ( in volts) and l ine currents 



1 1 .5 SEQUENCE CIRCUITS OF Y AND A IMPEDANCES 429 

(in amperes) of an unbalanced three-phase circuit .  It is important to note that 
the transformation of a-b-c voltages and currents to symmetrical components is 
power-invariant in the sense d iscussed in Sec. 8.6, only if each product of 
sequence voltage (in volts) times the complex conjugate of the corresponding 
sequence current (in amperes) is mult ip l ied by 3, as shown in Eq. ( 1 1 .34). When 
the complex power S31> i s  expressed in per unit of  a three-phase voltampere 
base, however, the mult ipl ier 3 d isappears. 

Example 1 1 .3 .  Using symmetr ical  components, calcu late the power absorbed i n  
the load o f  Example 1 1 .2 and  check the answer. 

Solution. In per uni t  of the three-phase 500-kYA base, Eq . ( 1 1 .34) becomes 

Subst i t u t ing t he  components  of vol tages ,md cu rre n ts from Example 1 1 .2 ,  we 
o b t a i n  

S ) <b  = 0 + O .9S57[ 4 3 .�". X 0 .9857[ . . 43 .6° + 0 .2346/>50 .3" X 0 .2346/ - 250 .3" 

= (0 .9857)2 + (0 .2346) 2 = 1 .02664 per  un i t  

= 5 1 3 .32 kW 

The per-unit ya)ue o f  the res is tors in each phase of the Y-connected load bank  i s  
1 .0 per un i t .  In  ohms, there fore, 

(2300)2 
R = = 1 0 .58 D 

Y 500 ,000 

and the equ ivalent 6.-connected resistors are 

RCl.  = 3 R y  = 3 1 .74 D 

From the  given l i ne- to- l i ne  vol tages we ca lcu late d irectly 

( 1 840) 2  + (2760)2 + (2300)2 
= . - - = 5 1 3 .33 kW 

3 1 .74 

11.5 SEQUENCE CIRCUITS OF Y AND � 
IMPEDANCES 

' 

If impedance Zn is inser ted between the neutral and ground of the Y �connected 
impedances shown in Fig. 1 1 .6(b ), then the sum of the l ine currents is equa l  to 



430 CHAPTER 11 SYMMETRICAL COMPONENTS AND S EQUENCE NETWORKS 

the current / n in the return path through the neutral .  That is, 

( 1 1 .35 ) 

Expressing  the u nbalanced l ine currents in terms of their symmetrical compo­
nents gives 

( / (0) + / (0) + 1(0» ) + ( / ( 1 ) + / ( 1 )  + 1 ( 1 » ) + ( 1 (2) + 1 ( 2 )  + 1 (2 » ) a b c  fI b c a h c 
�---- --� 

o ( )  

= 3 1 (0) a ( I I  . 36) 
Since the posi tive-seq uence and nega tive-sequence cu rrents add sepa rately to 
zero a t  neu tral point n, there cannot be any pos i t ive-sequence or negative­
sequence currents in the  connect ions from neutral  to ground regardless of the 
value of Zn ' Moreover,  the zero-sequence currents combin ing together a t  n 
become 3 /�0), which produces the vol tage drop 3 1�0)Z/l between neutral and 
ground.  It  is important, therefore ,  to d ist inguish between voltages to neutral 
and voltages to  ground under unbal anced cond itions. Let us designate volt ages 
of phase a with respect to neutral and ground as Vall and � ,  respectively. Thus, 
the voltage of phase a with respect to ground is given by Va = Van + v,, , where 
� = 31�0)ZTI ' Referring to Fig, 1 1 .6(b ), we can write the  vol tage d rops to 
ground from each of the l ines a, b, and c as 

( 1 1 . 37 )  

The a-b-c vol tages a n d  cu rr e n t s  i ll t h i s e q u a t i o n  c a ll be r e p l a c e d  b y  t h e i r  

symmetrical components a s  fo l l ows: 
V (O) 1 (0) 

a a 

A V} t )  = ZyA J! I )  
V (2) 1 (2) a a 

MUltiplying across by the inverse matrix A - I , we obtain 

· v <O) a 1 

+ 3 1 (0) Z A - I  1 
a n 

1 (2) a 1 

( 1 1 . 38 )  
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Postmultiplying A - 1  by [1 1 IV amounts to adding the elements in each ' row 
of A- I , 

v (O) a 

and so V (I )  a 

V(2) a 

= Z y 

1 

+ 31 (0)Z 0 a n 

o 

( 1 1 .39) 

In expanded form, Eq. ( 1 1 . 39) becomes three separate or decoupled equations, 

v(O) = ( Z  + 3Z ) 1 (0) = Z 1 (0) a Y n a O a  

v e l ) = a Z / ( 1 ) = Z 1 ( 1 ) Y a I (J 

v (2 ) = a Z 1 (2) = Z / (2 ) Y a 2 a 

I t  is customary to use the symbols Zo ,  Z l '  and Z2 as shown. 

( 1 1 AO) 

( l 1 A1 )  

( 1 1 .42) 

Equations ( l 1 AO) through ( 1 1 .42) could have been easily developed in a 
l ess formal manner, bu t  the matr ix approach adopted here w i l l  be usefu l in  
developing other important re l ations in the sections wh ich fol low. Equations 
( 1 1 .24) and ( 1 1 .25) combine wi th Eqs. ( 1 1 .40) through ( 1 1 .42) to show that 
currents of one sequence cause voltage drops of only the same sequence in  /:::,.­
or Y -connected circuits with symmetrical impedances i n  each phase. This most 
important result al lows us to draw the three single-phase sequence circuits 
shown in  Fig. 1 1 .7 .  These three circuits, considered simultaneously, provide the 
same information as the actual  circuit of Fig. 1 1 .6( 6) ,  and they are independent 
of one another because Eqs . ( l 1 AO) through ( 1 1 .42) are decoupled . The c ircuit 
of Fig. 1 1 . 7( a )  is called the  zero-sequence circuit because it relates the zero­
sequence voltage Va(O) to the  zero-sequence current 1 �O), and thereby serves to 
define the impedance to zero-sequence curren t given by 

J (O) Zy a � n 

+ t  3Z" V iO l  Zo , 0  

-� 
Reference 

(a )  
FI G U R E  1 1 .7 

v «( I )  (J 
= Z o  = 2 y  + 321/ 1 (0) (1 

J ( l )  
a a ----- Zy n + t I + 

V O )  
" Z ' I 

Reference 

( 6 )  

Zero-,  posi t ive-,  a n d  negat ive-sequence c i r c u i t s  for Fig. l 1 .6(b). 

Reference 

(c) 

( 1 1 A3) 
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Likewise, Fig. 1 1 .7(b) is called the positive-sequence circuit and Z I is called the 
impedance to positive-sequence current ,  whereas Fig. 1 1 .7(c ) is the negath'e­
sequence circuit and Z2 is the impedance to negative-sequence current . The 
names of the impedances to currents of the d ifferent  sequences are usually 
shortened to the less descriptive terms zero-sequence impedance 20 , positive­
sequence impedance 2 I ' and negative-sequence impedance 22 , Here the pos i t ive­
and negat ive-sequence i m p e d a n ces Z I < t n d  Z2 ' resrcct ivc ly , a rc /1oth fou n d  t o  
be  equal to  the usual per-phase imped a nce Z y ,  wh i ch  i s  ge n e r a l ly t h e  case for 
stationary symmetrica l circuits. Each or t he  three sequence c i rcu i ts re presen t s 
one phase of the actual three-phase c i rcu i t  when t h e  l a t t e r  c a r r i e s  c u rr e n t  o f  
only t ha t  sequence . W h e n  t he t h r e e  s e q u e nce c u r r e n t s  a r c  s i m u l t a n e o u s l y  
prese n t , all three sequence c i rcu i t s  a re n e e d e d  t o  fu l ly r e p rese n t  t h e  o r i g i n a l  

circuit. 
Voltages in the posit ive-sequence and negat ive-seq u e nce c i rc u i t s  can be 

regarded as vol tages measured with res p e c t  to e i ther neutral or ground whet h e r 
o r  not there i s  a connection of  some fini te value of  impedance Zn be tween  
neutra l and ground. Accord ingly , i n  t h e  posit ive-sequence c i rcuit there is no 
d ifference between V ( I ) and V ( I ) and a s i m i l a r  s t a t e m e n t  a p p l i e s  to V (2) and U U II , a Va�) in the negat ive-sequence circu i t .  However, a voltage d ifference can exis t 
between the neutral and the  reference of the zero-sequence circuit .  I n  the  
circuit o f  Fig. 1 l .7(a) the current 1�0) flowing through impedance 3Zn produces 
the same voltage drop from neutral to ground as the current 3 1�0) flowing 
through impedance Z n in  the actual circu i t  of Fig .  1 1 .6(b) .  

If the neutral of the Y -connected circuit is grounded through zero 
impedance, we set Zn = 0 and a zero- impedance connection then joins the  
neutral point to  the reference node of t he zero-sequence circu it .  I f  there i s  no 
connection between neutral  and ground, there cannot be any zero-sequence 
current flow, for then Zn = 00, which is ind icated by the open circu i t  between 
neutral and the  reference node i n  the zero-sequence ci rcui t of Fig. 1 1 .8( a) .  

Obviously, a L1-connected circu i t  cannot provide a path through neutra l ,  
and so  l ine currents flowing into a L1-connected load or its equ ivalent Y c i rcu i t  
cannot conta in any zero-sequence components . Cons ider t h e  symmetrical L1 -
connected circui t of Fig. 1 1 .4 with 

( 1 1 .44 ) 

Adding the three preceding equations together ,  we obtain 

( 1 1 .45) 

and since the sum of the l ine-to- l ine voltages is a lways zero, we therefore have 

v<O) = [(0) = 0 a b  a b  
( 1 1 .46) 

Thus, in �-connected circu its with impedances only and no sources or m'u tual 
coupling the re cannot be any circu la t i ng  c u rrents .  Sometimes s ing le-phase 
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1(0) Z � y a
+jl

: I_ � 
Reference 

z,.. 

Reference 

( b) 

FI GURE 1 1 .8 
( a )  Ungrounded Y-co nnected and (b) 6-connected circuits and their 
zero-sequence circ uits. 

circula ting currents can be produced in the 11 c ircu its of transformers and 
generators by either induct ion or zero-sequence generated voltages. A 11 c ircuit 
and its zero-sequence circuit are shown in Fig. 1 1 .8(b) .  Note, however, that  even 
if zero-sequence voltages were generated in the phases of the 11, no zero­
sequence vol tage could exist between the 11 term inals ,  for the rise in vol tage in 
each phase would then be matched by the vol tage drop in the zero-sequence 
impedance of each phase. 

Example 1 1 .4. Three equal impedances of j21 .n are connected in .1 .  Determine 
the sequence impedances and circuits of the combinat ion. R epeat the solution for 
t he  case where a mutua l  impedance of j6 n exists betwe en each pair of adj acent 
branche� in the 6. .  

Solution. The l i n e- to- l i n e  volt ages a rc related t o  the 6. currents by 

l 
V
an 1 lj

2 1 0 
VI,..- 0 j2 ! 

r< "  0 0 

Transform ing to symmetr ica l  componen ts of voltages and curren ts gives 

lV}2) j 
lj21 

A VO ) = 0 o j,. 

v (2 ) 0 a t>  

o 
j2 1 

a 
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]( l )  I a 
j7 

+t --
V (l )� �t � 

. Reference 

](2) . '7 a J ' ++0:---
V(2)1 �t : 

, Reference 

Zero-sequence Positive-sequence Negative-sequence 

j21  

FIGURE 1 1.9 

[(0) +t[j]l� j33 
V(O) : 
�+ : 

. Reference 

Zero-sequence 

(a )  

( b )  

I ( 1 ) +tD'� j5 

V ( l ): 
�t : 

, Reference 

I (2) +!D'� j 5  

I I 
V(2}1 
�t : 

, Refere nce 
Positive-sequence Negative-seq uence 

Zero-, positive-, and negat i ve-se quence ci rcu i ts for Cl-con nected i m p e da nces of Exa m p k  1 1 . 4 .  

a n d  premuitiplying each side by A- I )  we obtain 

o 
j2 l 
o 

Thc pos itivc- and negat ive-sequence c i rcu its  have p e r- p h ase i m pe d a nces Z I = 
22 = i7 fl, as shown i n  Fig, 1 1 .9( a ), a n d  s i nce V"cJ}) = 0 ,  the  zero-seq u e nce c u rrent  

I��) = 0 so that the zero-sequence c ircu i t  is an o p e n  c i rc u i t .  The j2 1 -fl res i s t a n c e  

in the zero-sequence network has s ign i A cance only  w h e n  t h ere is an i n ternal 
sou rce in  the orig i nal t1 c i rcu i t .  

When there is mutual i nductance j6 n between phases, 

[ V}2) l lj2 1 A V ( 1 l  = )'6 . nb 
V(2l )'6 a b  

i6 
j21 
j6 

j
6

] [/ (0) ] j6 A I�i) 
J'21 1 (2) ab 

The coefficient matrix can be separated into two parts as fol lows: 

, [
i21 i6 
j6 j21 
i6  i6 

i6
] 

[ 1  
j6 = j15  0 

i21 a 

o 
1 
a 

1 
1 
1 
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and substituting into the previous equation, we obtain 

V(O) 
ab 

V( l ) a b  

v (2) ab 

1 1 
:::: j15A - JA + j6A - [  1 1 

{ rT 

0 
= 1 1 5 

0 

� 
n3 0 

j l S  

0 

1 1 

� 1 + j6 r � 
j 1 5 0 

o 

W

'D) 

J 

II h 
o / ( 1 )  

j 1 5  !�;) lib 

1 
1 
1 

A 

0 
0 
0 

1(0) 
ab 

I( I ) a b  

1 (2) ab 
L 

° lW;� l o / ( 1 )  a b  o / (2) ab  

The pos i t ive- and negat ive-sequence i mpedances Z 1 and Z2 now take on the value 
jS n ,  as shown in Fig. 1 1 . 9 (b), and s ince �il?) = 1��) = 0,  the zero-sequence circuit 
is open. Ag(} in ,  we note t h a t  the j33-[2 resistance in the zero-sequence network 
has no significance because t here is no i nterna! source i n  the or igina l 6 circui t ,  

The matrix manipu lations of this example  are useful in the sections which 
fol low. 

1 1 .6  SEQUENCE CIRCUITS OF A 
SYMMETRICAL TRANSMISSION LINE 

We are  concerned primari ly w i th  systems that are essent ia l ly symmetrically 
ha l  anced and which become unbalanced only u pon the occurrence of an 
un symmetrica l fau l t . I n  p ract ical t ransmission systems such complete symmetry 
is more i d e a l  than rea l ized ,  but s i nce the effect of  the departure from symmetry 
is usua l l y  smal l ,  perfect balance be tween phases is often assumed especia l l y  i f  
the l i nes a re t ransposed a long their l e ng ths .  Let us cons ider Fig . 1 1 . 1 0, for 
i ns l Ll n cc,  wh ich shows o n e  sec t io n o f  a t h ree-ph ase transm ission l ine wi th a 
neu t ral conductor. The se lf- impedance Zaa i s  the same for each phase conduc­
tor, and t h e  neu t ral conductor has  sel f- impedance Z"" .  When currents la ' 1b, 
a n d  Ie i n  t h e  p h ase co n d u c t o rs a rc u n b a l a nce d ,  t h e  n e u tral  co nd uc tor serves as 
a ret urn pa th .  A l l  the currents are assumed pos i t ive in  the d i rections shown 
even though some of their numerical values may be negative under unbalanced 
condi t ions caused by fau l ts .  Because of mutual coup l ing, curren t flow in any one 
of the phases induces volt ages in each of the other adjacent p hases and in  the 
neu tra l  conductor. Simi larly, In in the neutral  conductor induces voltages in 
each of the phases. The coupl i ng  be tween all three phase conductors is 
regarded as being symmetrical and m u tua l  impedance Zab is assumed between 
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10 a __ �+�------------- a' 
--------------r+� 

b 
Zob Zob Zoo Ib b' � 

Ie 
Zob Zoo V • •  Ie l Vbn +t L ! Vcn Zo n 

_ _ _ ! n>..=
I
=n=, � __ --C=

Z
=n n�1 I 

n' 

� c' 

FIGURE 1 1. 10 

� +  
I V . . e n ± -

Flow of unbalanced cu rrents in a symmetrical  t h rce-phasc - l i n e  sec t i o n  w i t h  n e utra l  conductor .  

each pair . Lik ewise, the mutual  i m peda nce between t h e  n e u t r a l  co n d u c tor  a n d  
each of the  phases i s  taken to be  Zan "  

The voltages induced i n  phase a ,  for example, b y  currents i n  the other two 
phases and the neutral conductor are shown as sources in the loop circu i t  of 
Fig. 1 1 . 1 1 ,  along with the s imi lar voltages induced in the neutra l  conductor. 
Applying Kirchhoff's voltage law around the loop circuit g ives 

( 1 1 .47 )  

from which voltage drop across the l i ne section is found to  be 

v:,n - Va'n' = ( Zaa - Zan ) la + ( Zab - Zan ) ( lb + IJ + ( Zan - Znn ) In 

( 1 1 .48) 

Similar equations can be writ ten for phases b and c as fol lows: 

10 

V::n - �'n' = ( Zaa - Zan )  Ie + ( Zab - Zan ) ( la + Ib ) + ( Zan - Znn ) ln 

( 1 1 .49) 

Zab 1b Zan In Zoo a � + at 

T T F1GURE 1 Ll 1  

Van Va'
n

' Writ ing Kirchhoff's voltage � 
In Zan Ia n'� equa t ion arou n d  t h e  loop Zn ,. formed by l ine a and the. neu-

_ n � + tral  conductor. 
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When the l ine currents la ' Ib , and Ie return together as In in the neutral 
conductor of Fig. 1 1 . 10, we have 

( 1 1 .50) 
Let us now substitute for In in Eqs. ( 1 1 .48) and ( 1 1 .49) to obtain 

( 1 1 . 5 1 ) 
+ ( 7"/1 + 211 11 - 2 211/1 )  I,. 

The coefficients in  these equations show that the presence o f  the neu tral 
conductor changes the self- and mutual impedances of the phase conductors to 
the fol lowing effective values: 

( 1 1 .52) 

Using these defin it ions, we can rewrite Eqs. ( 1 1 . 5 1 )  in the convenient matrix 
form 

� V ' J  l V -- v "  

J 

�z a a  (i li o n  .r 

V ,  = V - V "  = . 1>/ ,  />11 
_ 

/! /I 2/11 
V;·r' V; " V;·'n' Z/II 

( 1 1 .53 )  

where the vol tage drops across the phase conductors a re  now denoted by  

V , ,@ V - v " U U  (l lP  II n Vee' £ V:·n - v:., n' ( 1 1 .54) 
S ince Eq. ( 1 1 .53) does not explicitly inc lude the neutral conductor, Zs and Zm 
can be  regarded as parameters of the phase conductors alone, w ithout any self-
or m u t u a l  i nductance being associated wi th the return path.  

' 

The a -b-c vol tage d rops and currents of the l i ne  sect ion can be written in 
terms of  the ir  symmetr ical  components accord ing to Eq.  ( 1 1 .8) so that  with , 
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phase a as the reference phase, we h ave 

V (0) a a  

A V( l) 
a a  

V (2) a a  

( 1 1 .55 ) 

This particu lar form of the equation makes calcula tions easier, as demonstrated 
i n  Example 1 1 .4 .  Mul tiplying across by A -

I , we obtai n 

v(O) 0 0  

Ve l) 
aa 

v (2) a a  

1 
1 
1 
1 

( 1 1 .5 6 )  

The matrix mult ipl ication here i s  t he  same as in  Example 1 1 .4 and yields 

v (0) a a  

V( I) aa ( 1 1 .57)  

v(2) 
aa 

Let us now define zero-, posi t ive- ,  and negative-sequence impedances in  
terms of 2s and 2m introduced in  Eqs . ( 1 1 .52), 

( 1 1 .58)  

From Eqs. ( 1 1 .57) and ( 1 1 .58) the  sequence components of the voltage drops 
between the two ends of the l ine sect ion can be written as three simple 
equations of the form 

v(�) = V(O) - V �o� = 2 1 (0) 
aa an a 11 0 a 

v(�) = V e l )  - V �l � = 2 1 ( 1 ) 
aa an a n I a 

( 1 1 .59)  

v(2) = V(2) - V �2� = 2 1 (2) 
a a' an a n  2 a 

Because of the assumed symmetry of the circuit of Fig. 1 1 . 1 0, once again we see 



[(0) a 
--

a 

+r 
V(O) a ll  

-t n 

/ ( 1 )  
� 

a 

+r 
V ( l '  a ll  -t n 

1 ( 2 )  a 
a -

+ t  
V (2 )  o n  

I -+ n 
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Zo I '  
a I 

Va��' 

n� 
ZI  I 

a 

-r 
Va('�)' 

n� 
Z2 I 

a j+ FIGURE 1 1 . 1 2  
V (?), Seque ncl: c i rcu i t s  for t h e  sym-a II n� m etr ica l  l ine  section of Fig .  

1 1 . 1 0 .  

t ha t  the zero- , posltlve-, and negat ive-sequence equa tions decouple from one 
another, and correspond ing  zero-, posi t ive-, and negat ive-sequence c ircu its can 
be drawn without any mutual  coupl ing between them, as shown in Fig. 1 1 . 12. 
Despi te the s impl ic i ty of the l ine model in Fig. 1 l . 1 0, the above development 
has demonstrated importan t  characterist ics of  the sequence impedances which 
apply to more elaborate and pract ica l  l ine models .  We note, for instance, that  
the positive- and negat ive-sequence impedances a re equa l  and that they do not 
i nc lude the neu tral -conductor impedances ZnJl and Zan '  which enter into the 
ca lcu l ation of on ly the zero-sequence impedance Zo, as shown by Eqs . ( 1 1 . 58). 
In o the r  wo rds ,  i mped ance pa r ame te rs of t he  retu rn-pa th conductors enter i nto 
the values of t he zero-sequence impedances of t ransmiss ion l ines, bu t  they do 
not affect e i t he r  the pos i t ive- or negative-sequence impedance. 

Most aer ia l  tra nsmiss ion l i nes have at least two overhead conductors 
cal led ground wires , which are grou nded at  un i form intervals along the length of 
the l i ne .  The ground wires combin e  wi th  the earth re t ur n  path to const i tute an 
e ffec tive n e u tr a l  co n d u ctor  w i t h  i mped a n c e  p a rameters,  l i ke ZlIn and Zan ' 
which depend on the res is t iv i ty of the earth .  The more spec i a l i zed  l i tera ture 
shows, as we have demonstrated here, that  the parameters of the return path 
are i ncluded in the zero-sequence impedance of the l ine .  By  regarding the 
neu t ral conductor of Fig .  1 1 . 1 0  as the effect ive return path for the zero­
sequence components of the unba l anced currents and includ ing its parameters 
in the zero-sequence impedance, we can treat the ground as an i deal conductor. 
The voltages of Fig. 1 1 . 1 2  are then i nterpreted as being measured wi th  respect 

I 
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to perfectly conducting ground, and we can wri te 

VCO) = VCO) - VCO) = Z / (0) 
aa a a' 0 a 

V( l) = V( l ) - V e l ) = Z / ( 1 ) 
aa a af I a 

V(2) = V(2) - V(2) = Z [ (2) 
oa a Il' 2 a 

( 1 1 .60) 

where the sequence components or the vo l tages V:, a n d  Vu' arc n ow w i t h  respect 
to ideal ground. 

In der ivi ng the equat ions fo r ind uc tance and capacitance of tra nsposed 
transmission l ines, we assumed ba lanced th ree-phase currents and d id  not 
specify phase order. The resu l t i ng pa ramete rs are therefore va l i d  fo r both 
posi t ive- and negative-sequence impeda nces .  When only ze ro-sequence current 
flows in a transmission l ine ,  the cu rrent in each phase is ident ica l .  The current 
returns through the ground,  through overhead ground wires, or t hrough both .  
Because zero-sequence current is ident ica l  in each phase conductor (ra the r than 
equal only in magnitude and d isp laced in phase by 120 from other phase 
currents) , the magnetic field due to zero-sequence current is very different from 
the magnet ic field caused by either posit ive- or negat ive-sequence current .  The 
d ifference in magnetic field results in the zero-sequence i nduc t ive reactance of 
overhead t ransmission l ines be ing 2 to 3 .5 t imes as l arge as the posi t ive­
sequence reactance. The ratio i s  toward the h igher port ion of the specified 
range for double-circu it  l ines and l i nes without ground wires. 

Example 1 1.5. In Fig. 1 1 . 1 0 the terminal vol tages at the left-hand and right-hand 
e nds of the l ine are given by 

Vall = 1 82 .0 +.170.0 kY Va'n' = 1 54 .0 + j28 .0 kY 

Vbll = 72 . 24 - j32.62 k Y  Vb' II' = 44 .24 - j74 .62 k Y  

V::n = - 1 70.24 + j88 .62 kY Ve'd = - 1 98 . 24 + j46 .62 kY 

The line impedances in ohms are 

Zaa = j60 2ab = j20 Znn = j80 Z = 0 a ll  

D etermine the l ine currents fa ' Ib ' and Ie us ing symmetrical components. Repeat 
the solution without using symmetr i cal components . 

Solution. The sequence impedances have calculated values 

Zo = Z + 2Z b + 32 - 6Za = j'60 + j40 + j240 - j180 = j 1 60 n aa a n n  n 

ZI = Z2 = Zao - Zab = j60 - j20 = j40 n 



1 1 .6 SEQUENCE CIRCUITS OF A SYMMETRICAL TRANSMISSION LINE 441 

The sequence components of the voltage drops in the l ine a re 

[ Va�/ l [ Van - Va'n' l [ ( 1 82.0 - 154 .0) + j(70 .0 - 28 .0) 1 
Va�1 = A - ) Vbn - Vb'n' = A - I  (72 .24 - 44 .24) - j(32 .62 - 74 .62) 
V};I v:.n - v:.'n' - ( 170 .24 - 198 .24) + j(88 .62 - 46 .62) 

[28 .0 + j42 .0 1 [28 .0 + j42 .0 1 
= A - I 28 .0 + j42 .0 = 0 kV 

28 .0 + j42 .0 0 

Subst i tu t ing  in  Eq.  ( 1 1 .59) ,  we obta i n 

V« �) = 20 000 + ;'42 000 = j' 1 6 0 ! (O) a (l , , (/ 

() = j40 / ( l ) a 

() = j40 ! (2)  II 

from which we de termine the symmetr ical components of th e  currents in  phase a ,  

I�O) = 262 .5 - j 1 75 A 

The l ine  currents are therefore 

Ia = Ib = Ie = 262 .5 - j 175 A 

The self- a n d  mutual impedances of Eq.  (1 1 .52) have values 

Zs = Za a + Znn - 2Z(1ll = j60 + j80 - j60 = j80 n 

Zm = Zil" + Z"" - 2ZIlfl = j20 + JRO - j60 = j40 n 

and so l i ne  curren ts  can be c alcu la ted from Eq, ( 1 1 .53) without symmetrical 
components  as  fol lows: 

[ V(1(1' j [ 28 + j42 j [j80 
V""'
. 
= 28 + j42 X 1 0 ) = j40 

�e' 28 + j42 j40 

j40 
j80 
j40 

j40 j - l [ 28 + j42 j [262 .5 - j1 75 j 
j40 28 + j42 X 10 3 = 262 .5 - j 175 A 
j80 28 + j42 262 .5 - j 175 
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XI � 
X2 8 
X3 0 

b 

c 

a 
FIGURE 1 1.23 
Labeling of l ines connected to 
a t h ree -p hase Y -� t rans­
former. 

di agram of Fig. 1 1 .2 1  and the connection d iagram of Fig. 1 1 .23(a)  both satisfy 
the ANSI requ i rement ;  and because the connections of the phases to the 
transformer term inals HI ' H2 , H3 - XI ' X2 , X3 are respectively ma rked 
A ,  B, C - a, b, c as shown in those figures, we find that the posit ive-sequence 
vol tage to neutral Vl� leads the posit ive-sequence vol tage to neutra l  Va�) 
by  3 0° .  

I t  is not abso l u tely necessary, however, to l abe l l i nes attached to the  
transformer termina l s  Xl ' X2 , and  X 3 b y  the  letters a ,  b, and  c ,  respectively, a s  
we  have done, s ince no  standards have been adopted for such label ing .  In  fact , 
in ca lcu l a t ions the designa tion of l i nes could be chosen as shown in Fig. 
1 l .23 ( b ), \\' h ich shows the let ters b, c ,  and a associated, respectively, with Xl'  
X 2 ;  and X:; . I f  the scheme of Fig. 1 1 .23( b )  i s  preferred, i t  is n ecessary on ly  to  
exchange b for a,  C for b ,  and a for c in  the wiring and phasor d i agrams of Fig .  
1 l .2 1 ,  which wou ld then show that  VaS: ) l e ads V)� by  90° and tha t  V};) l ags V);� by 90° . It is easy to show that s imi lar  statements a l so apply to the  
correspond ing currents. 

We shall cont inue to fol low the l abel ing scheme of Fig. 1 1 .23(a), a n d  Eqs. 
( 1 l .88) then become ident ica l  to the ANSI requirement. When problems i nvolv­
ing unsymmetrical fau l ts a re solved, posit ive- and nega tive-sequence compo­
nents are found separate ly and phase sh ift is taken into account ,  if  n ecessary, by 
apply ing Eqs. ( 1 1 .88). Computer programs can be written to incorporate the 
effect s  of phase sh ift . 

A transformer in  a three-phase circu it may consist of three ind ivi d u a l  
s i n g l e - p h a s e  u n i ts ,  o r  i t  m a y  b e  a th ree - p h ase t ra nsformer.  A l though t he  
zero-sequence series imped ances of  three-phase un i ts may d iffer s l ight ly from 
the posi t ive- and negative-sequence va lues ,  it is customary to assume that series 
impedances of a l l  se q ue nces are e q u a l  regard l ess of t h e  type of t ransformer. 
Tab le  A . 1  in the Appendix l ists tranformer reactances. Reactance and 
i mpedance are a lmost equa l  fo r transformers o[  1 000 kY A or l arger. For 
s i m p l i c i ty in our c a l c u l a t i o n s  we o m i t  the s h u n t  a d m i t t a nce which accounts for 
exci t i ng current .  

1 1 .9  UNSYMMETRICAL SERIES 
IMPEDANCES 

In the p revious sections we have been concerned part icularly wi th systems t ha t  
are normal ly  balanced. Let us  look, however, a t  the equa t ions of  a three-phase 

, 
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10 Za 
a - a '  

Ib Zb 
b - b' 

flGURE 11 .24 
Ie Zc Portion of a three-phase system showing three unequal  

c -
c '  series i mped ances. 

circuit when the series impedances are unequal . We shall reach a conclusion 
that is important in  analysis by symmetrical components . Figure 1 1 .24 shows the 
unsymmetrical part of a system w i th  three unequal series impedances Za ' Zb ' 
and Zc ' If we assume no mutual inductance (no coup l ing) among the three 
impedances, the vol tage drops across the part  of the system shown are given by 
the matr ix equat ion 

( 1 1 .89) 

and i n  t enns of the symmetrical components of voltage and current 

v(O) aa' Za 0 0 1 (0) a 

A V(I ) 
aa' 0 Zb 0 A 1(1 ) 

a ( 1 1 .90) 
v (2) aa' 0 0 Zc I 1 (2) a 

where A is the matrix defined by Eq. ( 1 1 .9) .  Premuitip lying both sides of the 
equation by A- I yields the  matrix equation from which we  obtain 

v(O) = 11 (0) ( Z + Z + Z ) + 1.1 ( 1 ) ( Z  + a2Zb + aZ ) aa  3 a a b c 3 a a c 

+ 11(2)(Z + aZ + a2Z ) 3 a a b c 

vel) = 11(0) ( Z + aZ + a2 Z ) + 1.[( 1)( Z + Zb + Z ) aa  3 a a b c 3 a a c 

V{2} = l[(O) (Z + a2Z + aZ ) + 11( 1 )( Z + aZb + a2Z ) ad 3 a a b c 3 a a c 

( 1 1 .91)  

I f  the impedances are made equal  ( that  I S ,  i f  Za = Zb = ZJ, Eqs. (11 .91)  



reduce to 

v(O) = 1(0)Z aa a a 
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( 1 1 .92) 

If the  imped ances are unequa l , however, Eqs. ( 1 1 .91)  show that the voltage drop 
of any one sequence is dependent on the currents of all three sequences. Thus, 
we conclude that the symmetrical components of unbalanced currents flowing in 
a balanced load or in balanced series impedances produce voltage d rops of like 
sequence only. If asymmetric coupl ing (such as unequal mutual inductances) 
existed among the three impedances of Fig. 1 1 .24, the square matrix of Eqs. 
( 1 1 . 89) and ( 1 1 .90) would contain off-diagonal elements and Eqs. (1 1 .91)  would 
h ave addit ional te rms . 

A l though current i n  any conductor of a th ree-phase transmission l ine 
ind uces a voltage in the other phases, the way in  which reactance is  calcu lated 
e l im inates cons iderat ion of coupl ing. The se l f- ind uctance calculated on the 
basis of complete t ransposit ion i ncludes the effect of mutual reactance. The  
assumpt ion of t ranspos i t ion yields equa l  scr ies impedances. Thus, the compo­
nent  currents of any one sequence produce only voltage drops of l i ke sequence 
in a transmission l ine; that i s ,  positive-sequence currents produce positive­
sequence voltage d rops only. Likewise, negative-sequence currents produce 
negat ive-sequence vol tage drops only and zero-sequence currents produce zero­
sequence voltage drops only. Equations 0 1 .91 )  apply to unbalanced Y l oads 
because points a' , b' ,  and c' may be connected to fonn a neutral . We could 
study variat ions of these equations for special cases such as s ing le-phase loads 
where Zb = Zc = 0, but we cont inue to confine our d iscussion to systems that 
a re balanced before a fau l t  occurs. 

1 1 . 1 0  SEQUENCE NElWORKS 

In the preceding sections of this chapter we have developed single-phase 
equivalent circuits in the form of zero-, positive-, and negative-sequence circuits 
for load impedances, transformers, t ransmission l ines, and synchronous ma­
chines, all of which constitute the main parts of the three-phase power t ransmis­
s ion network. Except for rotat ing machines, all parts of the network are static 
and w ithout sources. Each ind ividual part is assumed to be l inear and t hree­
phase symmetrical when connected in  Y or fl configuration. On the basis of 
these assumptions, we have found that :  

• I n any part of the network voltage drop caused by current  of a certain 
sequence depends on only the impedance of that part of the network to 
current flow of that  sequence. 

• The impedances to positive- and negative-sequence currents, ZI and Z2 ' are 
equa l  in any static circuit and may be considered approximately equal i n  
synchronous machines under subtransient condit ions. 
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• I n  any part of the network impedance to zero-sequence curren t ,  2o ,  is 
generally different from 21 and 22. 

• Only posi t ive-sequence circuits of rotat ing machines contain sources which are 
of positive-sequence vol tages. 

• Neutral is the reference for voltages in poslt lve- and negative-sequence 
circuits, and such voltages to neutra l  a re the same as vol tages to ground i f  a 
physical connection of z e ro or o the r l i n i te  impeda nce exists between n eut ra l  
and ground in the  actua l  c i rcu i t .  

• No posi tive- or  negative-sequence cu r r e n ts How b e tw e e n  n e u t r a l  poi n ts a n d  

ground. 
• Impedances 2n in the phys ical connections between neutral and ground are 

not included in  posi t ive- an d negat ive-sequence c i rcu its but arc represen ted 
b y  impedances 32" be tween t h e  p o i n ts fo r n e u t r a l  a n d  g rou n d  i n  t h e  z c ro­
sequence c ircuits only. 

These characteris tics of individual sequence circu its guide the construction of 
corresponding sequence networks. The object of obta in ing t he values of the 
sequence impedances o f  the various pa rts of a power system i s  t o  enable us to 
construct the sequence networks for the complete system. The network o f  a 
particular sequence-constructed by jo in ing together a l l  the correspond ing 
sequence circu i ts of the separate pa rts-shows a l l  the  paths for the flow of 
current of that sequence in one phase of the actual system .  

In a balanced t hree-phase system t h e  currents flowing in  the th ree p hases 
under normal operat ing condit ions const i tute a symmetrical pos i tive-sequence 
set . These posit ive-sequence currents cause voltage d rops of the same sequence 
only. Because currents of only one sequence occurred in the preced ing chapters ,  
we considered them to flow in  an i ndependent  per-phase network which 
combined the positive-sequence emfs of rotat ing m ach i nes a n d  t h e  impedances 
of other static circuits to posit ive-sequence currents on ly. That same per-phase 
equivalent  network is now ca l led the positive-sequence network i n  orde ' to 
d istinguish it from the networks of the other two sequences. 

We have d iscussed the construct ion of impedance and admi t tance rep re­
sentations of some rather complex pos i t ive-sequence ne tworks in  e a rl i e r  ch ap­
ters. General ly, we have not included the phase s h i ft assoc i a t e d  with  6.- Y and  
y-� t ransformers in pos it ive-sequence networks s ince p ractical systems are 
designed w ith  such p h ase s h i fts  sum m i ng to zero a rou nd a l l  loops. I n  de ta i led 
calculations, however, we must remember to advance al l pos i t ive-sequence 
voltages and currents by 30° when stepping up from the low-vol tage s ide to the 
high-vo ltage s ide of a !:J.-Y or Y -� transformer. 

The transition from a positive-sequence network to a nega tive-sequence 
network is simple. Three-phase synchronous generators and motors have in ter­
nal volt ages of positive sequence only because they are designed to generate 
balanced vol tages. S ince the positive- and negative-sequence impedances are 
the same in a static symmetrical sys tem, conversion of a pos i t ive-sequence 
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network to a negative-sequence network is accomplished by changing, if n eces­
sary, only the impedances that represent rotating machinery and by omitting the 
emfs .  Electromotive forces are omitted on the assumption of balanced gener­
ated voltages and the absence of negative-sequence voltages induced from 
outside sources. Of course, in using the negative-sequence network for detailed 
calcu lat ions, we must also remember to retard the negative-sequence voltages 
and currents by 30° when stepping up from the low-vol tage side to the 
high-voltage s ide of a D.-Y or Y -Do transformer. 

S ince all the neutral points of a symmetrical three-phase system are at  the 
same potential when balanced three-phase currents are flowing, all  the neutral 
points must be at the same potential for either positive- or negative-sequence 
currents .  Therefore, the neutra l  of a symmetrical three-phase system i s  the 
logical reference potent ia l for specifying posit ive- and negat ive-sequence vol tage 
drops and is the reference node of the positive- and negative-sequence n et­
works. Impedance connected between the neutral of a machine and ground is 
not a pa rt of e i ther the pos i t ive- or negative-sequence network because neither 
pos i t ive- nor negative-sequence current can flow in  an impedance so connected .  

Negat ive-sequence networks, l ike the pos i t ive-sequence networks of previ­
ous chapters, may con tain the exact equivalent circu i ts of parts of the system or 
be s imp l ified by omi t t ing series resistance and shunt admittance . 

Example 1 1 .8.  Draw the negat ive-sequence network for the system described i n  
Example 6 . l .  Assume t hat t he negat ive-sequence reactance o f  each mach ine is 
equa l  to i t s  sub transient reactance. Omit resistance and phase shifts associated 
wi th  the  t ransformer connect ions .  

Solution. S ince a l l  the negat ive-sequence reactances of the system are equal to the 
posit ive-sequence reactances, t he negat ive-sequence network is ident ical to the  
pos i t ive-sequence network of  F ig .  6 . 6  except for the omission of  emfs from 
t he negat ive-sequence network. The requi red network is drawn without transformer 
phase sh i fts i n  Fig .  1 1 .25 . 

Ze ro-se q u e n ce equ iva l e n t  c i rcu i t s  de term ined fo r t h e  various separate 
parts of the system are readi ly combined to form the comp lete zero-sequence 
network . A three-phase system operates single phase insofar as the  zero-

) 0 . 08 5 7  l j O . 1 8 1 5
m

j O . 09 1 5  

j O . 2 0  

Reference 

jO. 5490 FIGURE 1 1 .25 
Negative-sequence network for 
Exa mple 1 1 .8. 
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T 
M N 

s 
--

Reference 
FIGURE 1 1.26 

One-l ine d iagram of a sma l l  power system and  t h e  correspon d i ng zero-sequence ne twork. 

sequence currents are concerned, for the zero-sequence currents are the same 
in magnitude and phase at any point in al l  the phases of the system. Therefore, 
zero-sequence currents wil l flow only if a return path exists th rough which a 
completed circuit is provided. The refe rence for zero-sequence voltages is the 
potential of the ground at the point in the system at which any part icular 
voltage i s  specified. Since zero-sequence cu rrents may be flowing in the ground,  
the ground i s  not  necessarily at the same potent ia l  at  a l l  points and the 
reference node of the zero-sequence ne twork does not represent a ground of 
unifonn potentia l .  We have already d iscussed the fact that  the impedance of the 
ground and ground wires i s  included i n  the zero-sequence impedance of the 
t ransmission l ine ,  and the return circu i t  of the ze ro-sequence network is a 
conductor of zero impedance , which is the reference node of the system . I t  i s  
because the impedance of the ground is included in  the  zero-sequence 
impedance that vol tages measured to the reference node of the zero-sequence 
network give the correct vol tage to equ ivalent ideal ground.  Figures 1 1 .26 and 
1 1 .27 show one-l ine diagrams of two small power systems and their correspond­
ing zero-sequence networks simplified by omitt ing resistances and shunt admit­
tances. 

The analysi s  of an unsymmetrical fau l t  on a symmetrical system consists i n  
finding the symmetrical components o f  the unbalanced currents that a r e  flow­
ing. Therefore, to calcu late the effect of a faul t  by the method of symmetrical 
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FIGURE 1 1 .27 
One-l ine d iagram of a s m a l l  power system and t he corresponding zero-sequence network. 

components, it is essent ia l  to determine the sequence impedances and to 
combine them to form the sequence networks. The sequence networks carrying 
the symmetrical -component  currents l�O), I� l ), and 1�2) are then interconnected 
to represent various unbalanced faul t  condit ions, as described in Chap. 1 2. 

Example 1 1 .9. Draw the zero-sequence ne twork for the system described in 
Example 6. 1 .  Assume zero-sequence reactances for the generator and motors of 
0.05 p e r  u n i t .  A c u rre n t - l i m i t ing  reactor o f  0.4 n i s  in each of  thc ncutrals of the 
gene ra tor a n o  the l a rger  motor. The ze ro-sequencc  rea cta nce of the transmission 
l i n e  is 1 .5 n/km. 

Solution. The zero-sequence l eakage reactance of transformers is equal to the 
posi t ive-sequence reactance .  So, for the transformers X 0 = 0.0857 per unit and 
0.0915  per un i t ,  as i n  Example 6.1 . Zero-sequence reactances of the generator and 
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motors are 

Generator : 

Motor 1 :  

Motor 2 :  

I n  t h e  generator c i rcu i t  

a nd  i n  t he  motor c i rcu i t  

Xo = 0 .05 per un i t  

( 300 ) ( 1 3 .2 ) '2 Xo = 0 .05 - --
8 = 0 .0686 per un i t  200 1 3 . ( 300 ) ( 1 3 .2 ) 2 

Xu = D .05 - -- '-= 0 . 1 372 per  un i t  1 00 1 3 .8 

(20)2 
Base Z = 300 

Base Z = 
( 1 3 K)  
300 

1 .333 n 

2 
= 0 . 635 H 

I n  t he  impedance network for the generator ( 0 .4 ) 
3Zn = 3 -- = 0 . 900 per u n i t  1 .333 

and for the motor 

3Z = 3 --

( 0 .4 ) 
n 0 .635 

For the transmission l ine 

1 .5 x ()4 
1 76 . 3 

1 .890 per u ni t  

� 0 .5445 per u ni t  

The  zero-sequence network i s  shown i n  F ig .  1 1 .2� . 

k jO.0857 l jO.5445 m jO.0915 n 

,-_L-_ r  

jO.06B6 r 
jO. 1372 

)1 .890 

Reference 

FlGURE 1 1.28 
Zero-s eque n ce n etwork for Exam p l e  1 1 .9. 
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1 1 . 1 1  SUMMARY 

Unbalanced voltages and currents can be resolved in to their symmetrical 
components. Problems are solved by  treating each set of components separate ly 
and superimposing the resu l ts. 

I n  balanced n etworks having s tr ict ly symmetrical coupl ing between phases 
the currents of one phase sequence induce vol tage drops of l ike sequence only. 
Impedances of c ircu i t  elements to cur rents of d ifferent sequences are not 
necessarily equal . 

A knowledge of the posit ive-sequence network is necessary for power-flow 
stu d i es, faul t calcul ations ,  and stabi l i ty studies .  I f  the fau l t  calcu lat ions or 
stabi l ity studies involve unsymmet rical fau l ts on otherwise symmetrical systems, 
the negat ive- and zero-sequence networks are also needed. Synthesis of the 
zero-sequence network requires part icular care because the zero-sequence 
ne twork may d iffe r  from the  others cons iderably .  

PROBLEMS 

1 1 .1 .  I f  Va� )  = 50&, V2) = 20� , and V};;) = 1 0� V ,  determine ana ly tica l ly 
the vol tages to neutra l Van '  Vb" ,  and Veil ' and a lso show graphica l ly the sum of the 
given symmetrical components which determine the l ine-to-neutral vol tages. 

1 1 .2 .  When a generator has term ina l  a open and the other two termina ls  are connected 
to each othcr with a short c i rcu i t  from this connection to ground, typica l  va lues 
for the symmetrical components of current i n  phase a are 1� 1 )  = 600 

/ 
- 90° , 

I�2) = 250 L22:., and I�O) = 350 � A. Find the  cu rrent  in to the ground and  the 
current i n  each phase of the generator. 

1 1 .3 .  Determine the symmetr ica l  components of the three currents I a = 1 0&, Ib = 

1 0/2300 , and Ie = 1 0� A. 

1 1 .4 .  The currents flowing in the l i nes toward a ba lanced l oad connected i n  � are 
10 = 1 00&, Ib = 1 4 1 .4/2250 , and Ie = 100�. Find the symmetrical compo­
n e n ts of the g iven l i n c  c urre n t s  and d raw phasor diagrams of the pos i t ive- and 
n e g a t ive-se q u e n ce l i m:  (l n d  p h a se c u r r e n t s .  W h a t  is luI, i n  a m pe res? 

1 1 .5 .  Thc vol tagcs at the t e r m i n a l s  of a ba l anced load consist ing of th ree 1 O-D. resistors 
con nected in Y are Va l> = 1 00&, V/Jc = .sO.SL- 1 2 1 .44° , and v;.a = 90� V. 
Assuming th a t t here is no connect ion to the neutral of the l oad, find the  l ine  
cu rrents from the symmetr ical components of the  given l i ne vol tages. 

1 1 . 6. Find the power expended in the t h ree 1 O-D. resistors of Prob . 1 1 .5 from the 
symmetrica l component s of  curre n t s  and voltages. Cheek the answer. 

1 1 .7 . If therc is impedance in t he  neutra l  connection to ground of a Y -connected load, 
then show that the vol t ages Va ' Vb ' and v;. of Eq. ( 1 1 .26) must be interpreted as 
voltages with respect to ground .  

1 1 .8 .  A bal anced three-phase l oad  consists of �-connected impedances Z6 i n  pa rallel 
w i th  sol id ly grounded Y -con nected i mpedances Zy .  
( a )  Express the currents la ' 1b , a nd  Ie flowing i n  t h e  l ines from the supp ly source 

toward the l oad in terms of the  source vol tages Va '  Vb ) and �. , 
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(b) Transform the expressions of part (a )  i nto their 
equivalents and thus express 1(0) 1(1) and [(2) in , a , a , a 

symmetrical component 
terms of V(O) Vel) and a , a , vy). 

(C) Hence, draw the sequence circuit for the combined load. 

11.9. The Y-connected impedances in parallel with the t.-connected impedances Ze:,. of 
Prob. 1 1 .8 are now grounded through an  impedance Zg . 
(a)  Express the currents la ' Ib , and  Ie flowing i n  the l i nes from the supply source 

toward the load in terms of the source voltages Va ' Vb ' and � and the voltage 
� of the neutra l point. 

( b) Expressing Vn in terms of I�() , 1� 1 ), 1�2), and Z}; , fi n c.l the equat ions  for these 
currents in terms of V(O) V( I )  and V (2) a , a , a · 

(c) Hence, draw the sequence c ircu i t  for the comb i ned load . 
1 1. 10. Suppose that the l ine-to-neutra l  vo l tages at the send ing end of the  l i n e  described 

in Example 1 1 .5 can be main ta ined cons tan t  a t  20()-kY and t h a t  a s ing le -ph ase 
inductive load of 420 n is con nected between ph ase a and neu t ra l at t he 
receiving end. 
(a) Use Eqs. ( 1 1 .5 1 )  to express nu mer ica l ly the receiving-end sequence voltages 

VY;/., Va�� , and V}�l in terms of the load curren t  IL and the sequence 
impedances Zo , Z ] ,  and Z2 o f  t h e  l i n e .  

(b )  Hence, determine the  l ine current  I L i n  amperes. 
(c) Determine the open-circuit vol tages to neu tra l of phases b and c at the 

receiving end. 
(d) Verify your answer to part (c) w i thout using symmetrical components .  

1 1. 1 1 .  Solve Prob . 1 1 . 10 if  the same 420-D i nductive load is connected between  phases a 
a nd b at the receiving end. In part (c )  find the open-circu i t  voltage of phase c 
only. 

11.12. A Y-connected synchronous generator has sequence reactances Xo = 0.09, XI = 
0.22, and X2 = 0.36, al l  in per un i t. The neutral point of the mach ine is grounded 
through a reactance of 0.09 per un i t .  The machine is running on no load with 
rated terminal voltage when i t  suffers an  unbal anced fau l t .  The fau l t  currents out 
of the machine are la = 0, Ib = 3.75�, and Ie = 3 .75�, all in per un i t  
with respect to phase a l ine-to-neu tra l voltage. Determine 
(a )  The terminal voltages i n  each p hase of the mach ine wi th respect to  ground,  
(b)  The voltage of  the neutral point of the machine with respect to ground ,  and 
(c )  The nature (type) o f  the fault  from the resu l ts of part ( a ). 

1 1.13. Solve Prob. 1 1 . 1 2  i f  the fault currents i n  per un i t  are la = 0, Ib = - 2.986& , 

and Ie = 2.986&. 

1 1.14. Assume that the currents specified i n  Prob . 1 1 .4 are flowing toward a load from 
l ines connected to the Y s ide of a Ll-Y t ransformer rated 10 MY A, 13 .2 6.j66Y 
kY. Determine the currents flowing in the l ines on the t. side by converting the 
symmetrical components of the currents to per un i t  on the base of the trans­
former rating and by shifting  the components according to Eq. ( 1 1 .88). Check the 
results by computing the currents  in each phase of the t. windings in  amperes 
d irectly from the currents on the Y side by mUltiplying by the turns ratio of the 
windings. Complete the check by co mputing the l ine currents from the phase 
currents on the � side. 

1 1.15. Three single-phase transformers a re connected as shown in Fig. 1 1 .29 to f�rm a 
Y-Ll transformer. The high-vo l tage wind ings are Y-connected wi th polar i ty marks 



Ie - -----+-

1 1 . 1 6. 

1 1 . 17.  

1 1 . 1 8 . 

1 1 .19.  

PROBLEMS 469 

as ind icated. Magnetically coupled wind ings are d rawn in parallel directions. 
Determine the correct placement of polarity marks on the low-voltage windings. 
Identify the numbered terminals on the low-voltage side (a) with the letters a, b, 
and c, where l�l) leads 1;1 ) by 30, and (b)  with the l etters a' ,  b', and c' so t hat 
I�} ) i s  90 out of phase with I�l ) . 

d 

- -

FIGURE 1 1 .29 

Circu i t  for Prob. 1 1 . 1 5 .  

Bal anced three-phase voltages of 1 00 V l i ne  t o  l i ne  are applied to  a Y-connected 
load consist ing of three resistors. The neutral of t h e  load i s  not grounded. The 
resistance in p hase a is 10  D, in phase b i s  20 D ,  and in  p hase c is 30  D .  Select 
voltage to neu tral of the three-phase l in e  as reference and determine the  current 
in phase a and the vol t age Va n . 
Draw the negat ive- and zero-sequence impedance ne tworks for the  power system 
of Prob. 3 . 1 2 .  Mark t he  va lues of all reactances i n  per un i t  on a base of 50 MVA, 
13 .8  kV in  the  ci rcu i t  of genera tor 1 .  Letter the ne tworks to correspond to the 
single-l ine diagram. The neutrals of generators 1 and 3 are connected to ground 
through current-l imit ing reactors h aving a reactance of 5%, each on the base of 
the mach ine to which i t  is connected. Each generator has negative- and zero­
sequence reactances of 20 and 5% ,  respectively, on i ts own rat ing as base. The 
zero-sequ ence reactance of the  transm ission l i ne  is 2 1 0  D from B to C and 250 D 
from C to E. 
Draw the negat ive- and zero-sequence impedance networks for t he power system 
of Prob. 3 . 1 3 .  Choose a base of 50 MVA, 1 38 kV in the 40-fl transmission l ine 
and mark a l l  reactances in per un i t .  The negative-sequence reactance of each 
synchronous mach ine  is equa l  to i ts subtransient reactance. The zero-sequence 
reactance of each m ach ine is 8% based on i ts own rat i ng. The neutrals of the 
ma ch i nes a re con nected to ground t hrough curre n t -l i m i t ing reactors having a 

reac tance of 5% ,  each on the base of the machine to wh ich i t  is connected. 
Assume that the zero-sequence reactances of the transmission l ines are 300% of 
their pos i t ive-sequence reactances. 
Determine the zero-sequence Theven i n  impedance seen a t  bus © of the system 
described in Prob. 1 1 . 1 7  if t ransformer T) has (a) one ungrounded and 

'
one 

sol idly grounded neutral ,  as shown 10 Fig. 3.23, and (b) both neutrals are solidly 
grounded. 
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In 1918, Dr. C.L. Fortescue presented a paper entitled ‘‘Method of Symmetrical Coordinates
Applied to Solution of Polyphase Networks’’ at AIEE in which he proved that ‘‘a system of n
vectors or quantities may be resolved, when n is prime, into n different symmetrical groups or
systems, one of which consists of n equal vectors and the remaining (n – 1) systems consist of
n equi-spaced vectors which with the first mentioned group of equal vectors forms an equal
number of symmetrical n-phase systems’’.

The method of symmetrical components is a general one applicable to any polyphase
system.

Because of the widespread use of 3-phase systems and the greater familiarity which
electrical engineers have with them, symmetrical component equations will be developed for
3-phase systems.

	
�	 
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Any three coplanar vectors Va, Vb and Vc can be expressed in terms of three new vectors V1, V2
and V3 by three simultaneous linear equations with constant coefficients. Thus

Va = a11V1 + a12V2 + a13V3 (13.1)
Vb = a21V1 + a22V2 + a23V3 (13.2)
Vc = a31V1 + a32V2 + a33 V3 (13.3)

Each of the original vectors has been replaced by a set of three vectors making a total of
nine vectors. This has been done to simplify the calculations and to have better understanding
of the problem. With this in mind, two conditions should be satisfied in selecting systems of
components to replace 3-phase current and voltage vectors:

1. Calculations should be simplified by the use of the chosen systems of components.
This is possible only if the impedances (or admittances) associated with the components of
current (or voltage) can be obtained readily by calculation or test.

���
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2. The system of components chosen should have physical significance and be an aid in
determining power system performance.

According the Fortescue’s theorem, the three unbalanced vectors Va, Vb and Vc can be
replaced by a set of three balanced systems of vectors. Therefore, the solution of equations
(13.1)–(13.3) is unique. A balanced system of three vectors is one in which the vectors are
equal in magnitude and are equi-spaced. The three symmetrical component vectors replacing
Va, Vb and Vc are:

1. Positive sequence component which has three vectors of equal magnitude but displaced
in phase from each other by 120° and has the same phase sequence as the original vectors.

2. Negative sequence component which has three vectors of equal magnitude but displaced
in phase from each other by 120° and has the phase sequence opposite to the original vectors.

3. Zero sequence component which has three vectors of equal magnitude and also are in
phase with each other.

Vc1

(a) (b) (c)

Va1

Vb1
Vc2

Vb2

Va2

Va0
Vb0
Vc0

�����	
�	�������������������� �� �!"�����#�������$%����������� �

 �!"�����#� ����&�'�������� �� �!"�����(

The components have been shown in Fig. 13.1. The voltage vectors have been designated
as Va, Vb and Vc and the phase sequence is assumed here as a, b, c. The subscripts 1, 2 and 0 are
being used to represent positive, negative and zero sequence quantities respectively.
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�����������������������������������

���
������

By a positive sequence system of vectors is meant the vectors are equal in magnitude and 120°
apart in phase, in which the time order of arrival of the phase vectors at a fixed axis of reference
corresponds to the generated voltages. This really means that if a set of positive sequence
voltages is applied to the stator winding of the alternator, the direction of rotation of the stator
field is the same as the rotor or alternatively if the direction of rotation of the stator field is the
same as that of the rotor, the set of voltages are positive sequence voltages. On the contrary if
the direction of rotation of the stator field is opposite to that of the rotor, the set of voltages are
negative sequence voltages. The zero sequence voltages are single phase voltages and, therefore,
they give rise to an alternating field in space. Since the 3-phase windings are 120° apart in
space, at any particular instant the three vector fields due to the three phases are 120° apart
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and, therefore, assuming complete symmetry of the windings, the net flux in the air gap will
be zero.

From Fig. 13.1, the following relations between the original unbalanced vectors and
their corresponding symmetrical components, can be written:

Va = V V Va a a1 2 0
+ + (13.4)

Vb = V V Vb b b1 2 0
+ + (13.5)

Vc = V V Vc c c1 2 0
+ + (13.6)

Assuming phase a as the reference as shown in Fig. 13.1 the following relations between
the symmetrical components of phases b and c in terms of phase a can be written. Here use is
made of the operator λ which has a magnitude of unity and rotation through 120°, i.e., when
any vector is multiplied by λ, the vector magnitude remains same but is rotated anticlockwise
through 120°. Thus

λ = 1∠120°

In the complex form λ = cos 120° + j sin 120°

  = – 0.5 + j0.866

Similarly  λ2 =  – 0.5 – j0.866

 λ3 = 1.0 = 1∠360°

or      λ3 – 1 = 0

or    (λ – 1) (λ2 + λ + 1) = 0

Since λ ≠ 1 as λ is a complex quantity as defined above,

∴ λ2 + λ + 1 = 0

In fact λ is a number which when doubly squared remains λ itself, i.e., λ4 = λ.

So the important relations that will be frequently required in power system analysis are

 λ = – 0.5 + j0.866 = 1.0∠120°

λ2 = – 0.5 – j0.866 = 1.0∠–120°

λ3 = 1.0∠0°

λ4 = λ
λ2 + λ + 1 = 0

Now we go back to deriving relations between the symmetrical components of phases b
and c in terms of the symmetrical components of phase a.

From Fig. 13.1, V Vb a1 1

2= λ

This means in order to express Vb1
 in terms of Va1

, Va1
 should be rotated anti-clockwise

through 240°.

Similarly V Vc a1 1
= λ
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For negative sequence vectors

V Vb a1 2
= λ , V Vc a2 2

2= λ

For zero sequence vectors
V V Vb a c0 0 0

= =

Substituting these relations in equations (13.4)–(13.6),
 Va = V V Va a c1 2 0

+ + (13.7)

 Vb = λ λ2
1 2 0

V V Va a a+ + (13.8)

 Vc = λ λV V Va a a1 2 0

2+ + (13.9)

Compare equations (13.1)–(13.3) with equations (13.7)–(13.9),
a11 = a12 = a13 = 1
a21 = λ2, a22 = λ, a23 = 1
a31 = λ, a32 = λ2, a33 = 1

The coefficients have been uniquely determined for the 3-phase systems. Equations
(13.7)–(13.9) express the phase voltages Va, Vb and Vc in terms of the symmetrical components
of phase a i.e., in case Va1

, Va2
 and Va0

 are known, the phase voltages Va, Vb and Vc can be

calculated.
Similar relations between the phase currents in terms of the symmetrical components

of currents taking phase a as reference hold good and are given below:
Ia = I I Ia a a1 2 0

+ + (13.7a)

Ib = λ λ2
1 2 0

I I Ia a a+ + (13.8a)

Ic = λ λI I Ia a a1 2 0

2+ + (13.9a)

Normally the unbalanced phase voltages and currents are known in a system; it is
required to find out the symmetrical components. The procedure is as follows:

The problem is: given Va, Vb, Vc, find out Va1
, Va2

 and Va0
. To find out positive sequence

component Va1
, multiply equations (13.7), (13.8) and (13.9) by 1, λ and λ2 respectively and

adding them up, it gives

Va + λVb + λ2Vc = Va1
(1 + λ3 + λ3) + Va2

(1 + λ2 + λ4) + Va0
(1 + λ + λ2)

= 3Va1
 + Va2

(1 + λ2 + λ) + 0

= 3Va1

Since   1 + λ + λ2 = 0

∴ Va1
 = 1

3 (Va + λVb + λ2Vc)

For negative sequence component Va2
 multiplying equations (13.7), (13.8) and (13.9) by

1, λ2 and λ respectively and adding,
Va + λ2Vb + λVc = Va1

(1 + λ4 + λ2) + Va2
(1 + λ3 + λ3) + Va0

(1 + λ2 + λ)

= 3Va2

∴ Va2
 = 1

3 (Va + λ2Vb + λVc)
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For zero sequence component Va0
, add equations (13.7), (13.8) and (13.9)

Va + Vb + Vc = Va1
(1 + λ2 + λ) + Va2

(1 + λ + λ2) + 3Va0

or   Va0
 = 1

3 (Va + Vb + Vc)

Rewriting these equations,

Va1
 = 1

3
(Va + λVb + λ2Vc) (13.10)

Va2  = 1
3 (Va + λ2Vb + λVc) (13.11)

Va0
 = 1

3
(Va + Vb + Vc) (13.12)

Similarly these relations for currents are given as

Ia1
 = 1

3
(Ia + λIb + λ2Ic)

Ia2
 = 1

3
(Ia + λ2Ib + λIc)

Ia0
 = 1

3
(Ia + Ib + Ic) (13.13)

In the equations above Va, Vb  and Vc may be the line to ground voltages, line to neutral
voltages, line to line voltages at a point in the network or they may be the generated or induced
voltages, in fact any set of three voltages revolving at the same rate which may exist in the
3-phase system. Similarly, the three currents could be, phase currents, line currents, the
currents flowing into a fault from the line conductors etc.

Example 13.1: The line-to-ground voltages on the high voltage side of a step-up
transformer are 100 kV, 33 kV and 38 kV on phases a, b and c respectively. The voltage of
phase a leads that of phase b by 100° and lags that of phase c by 176.5°. Determine analytically
the symmetrical components of voltage

Va = 100∠0°

Vb = 33∠–100°

Vc = 38∠176.5°.

Solution:  Va1
 = 1

3 (Va + λVb + λ2Vc)

= 1
3 [100∠0° + 33∠– 100° . ∠120° + 38∠176.5°∠– 120°]

= 1
3 [100 + j0.0 + 33∠20° + 38∠56.5°]

= 1
3 [151.97 + j42.97] = 50.65 + j14.32. Ans.

   Va2
 = 1

3 [Va + λ2Vb + λVc]

= 1
3 [100 + j0.0 + 33∠– 220° + 38∠296.5°]

= (30.55 – j4.26). Ans.

Similarly,

Vc0
 = 1

3 (Va + Vb + Vc)

= 1
3 [100 + j0.0 + 33∠– 100° + 38∠176.5°]

= 1
3 [56.37 – j30.18]

= 18.79 – j10.06. Ans.
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Example 13.2: The line currents in amperes in phases a, b and c respectively are 500 +
j150, 100 – j600 and – 300 + j600 referred to the same reference vector. Find the symmetrical
component of currents.

Solution: The line currents are
  Ia = 500 + j150, Ib = 100 – j600 and Ic  = – 300 + j600 amps

Ia0
 = 1

3 (Ia + Ib + Ic)

= 1
3 [500 + j150 + 100 – j600 – 300 + j600]

= 100 + j 50 amps. Ans.

Ia1
 = 1

3 [Ia + λIb + λ2Ic]

= 1
3 [500 + j150 + (– 0.5 + j0.866) (100 – j600)

+ (– 0.5 – j0.866) (– 300 + j600)]

= 1
3 [1639 + j496.4] = 546.3 + j165.46 amps. Ans.

 Ia2
 = 1

3 [Ia + λ2Ib + λIc]

= 1
3 [500 + j150 + (– 0.5 – j0.866) (100 – j600)

+ (– 0.5 + j0.866) (– 300 + j600)]

= 1
3 [146.3 – j65.46]

= 48.8 – j21.82 amps. Ans.
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The average power

  P = VaIa cos φa + VbIb cos φb + VcIc cos φc (13.14)
= Va . Ia + Vb 

. Ib + Vc . Ic

= (Va1
 + Va2

 + Va0
) . ( Ia1

 + Ia2
 + Ia0

)

+ (λ2Va1
 + λVa2

 + Va0
) . (λ2 Ia1  + λ Ia2

 + Ia0
)

+ (λVa1
 + λ2Va2

 + Va0
) . (λ Ia1

 + λ2 Ia2
 + Ia0

)

Taking first term on the r.h.s.,
   (Va1

 + Va2
 + Va0

) . ( Ia1
 + Ia2

 + Ia0
)

= Va1
 . Ia1  + Va2

 . Ia2
 + Va0

 . Ia0
 + Va1

 . Ia2
 + Va1

 . Ia0
 + Va2

 . Ia1

+ Va2
 . Ia0

 + Va0
 . Ia1

 + Va0
 . Ia2

Expanding second term on the r.h.s.,
(λ2Va1

 + λVa2
 + Va0

) . (λ2 Ia1
 + λ Ia2

 + Ia0
)

= λ2Va1
 . λ2 Ia1

 + λ2Va1
 . λ Ia2

 + λ2Va1
 . Ia0

 + λVa2
 . λ2 Ia1

+ λVa2
 . λ Ia2

 + λVa2
 . Ia0

 + Va0
 . λ2 Ia1

 + Va0
 . λ Ia2

 + Va0
 . Ia0

Now the dot product of two vectors does not change when both are rotated through the
same angle.
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For example, λ2 Va1
 . λ2 Ia1

 = Va1
 . Ia1

  λ2Va1
 . λ Ia2

 = λVa1
 . Ia2

The addition of the terms after expanding and rearranging,

P = 3Va0
 . Ia0

 + 3Va2
 . Ia2  + 3Va1

 . Ia1
 + Va1

 . Ia2
(1 + λ + λ2)

+ Va1
 . Ia0

(1 + λ + λ2) + Va2
 . Ia1

(1 + λ + λ2) + Va2
 . Ia0

 (1 + λ + λ2)

+ Va0
 . Ia1

(1 + λ + λ2) + Va0
 . Ia2

(1 + λ + λ2)

   = 3(Va1
 . Ia1

 + Va2
 . Ia2

 + Va0
 . Ia0

)

   = 3[| Va1
 || Ia1

 | cos θ1 + | Va2
 || Ia2

 | cos θ2

    + | Va0
 || Ia0

 | cos θ0] (13.15)

The same power expression can be very easily derived using matrix manipulations.

  P + jQ = VaIa* + VbIb* + VcIc*

= [Va Vb Vc] 
I
I
I

a

b

c

�

�

�
�

�

�

�
�

*

 = 
V
V
V

I
I
I

a

b

c

T
a

b

c

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

*

Since from equations (13.7), (13.8) and (13.9),

     
V
V
V

V
V
V

a

b

c

a

a

a

�

�

�
�

�

�

�
�

=
�

�

�
�

�

�

�
�

�

�

�
�
�

�

�

�
�
�

1 1 1
1
1

2

2

0

1

2

λ λ
λ λ

 = AV

and   
V
V
V

a

b

c

T
�

�

�
�

�

�

�
�

 = (AV)T = VT AT

∴ P + jQ = 
V
V
V

I
I
I

a

b

c

T
a

b

c

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

*

 = [Va0
Va1

Va2
] 

1 1 1
1
1

2

2
λ λ
λ λ

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

I
I
I

a

b

c

*

Now  substituting for the phase currents the corresponding symmetrical components,
noting that λ and λ2 are conjugate,

 
I
I
I

I
I
I

a

b

c

a

a

a

�

�

�
�

�

�

�
�

=
�

�

�
�

�

�

�
�

�

�

�
�
�

�

�

�
�
�

* * *
1 1 1
1
1

2

2

0

1

2

λ λ
λ λ

 = 
1 1 1
1
1

2

2

0

1

2

λ λ
λ λ

�

�

�
�

�

�

�
�

�

�

�
�
�

�

�

�
�
�

I
I
I

a

a

a

*

∴ P + jQ = [Va0
Va1

Va2
] 

1 1 1
1
1

1 1 1
1
1

2

2

2

2

0

1

2

λ λ
λ λ

λ λ
λ λ

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�
�

�

�

�
�
�

I
I
I

a

a

a

*

  = [Va0
Va1

Va2
] 

3 0 0
0 3 0
0 0 3

0

1

2

�

�
�
�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

I
I
I

a

a

a

*

  = 3[Va0
Va1

Va2
] 

I
I
I

a

a

a

0

1

2

�

�

�
�
�

�

�

�
�
�

*
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  = 3[Va0
Ia0

* + Va1
Ia1

* + Va2
Ia2

*]

∴ P = 3[| Va0  | | Ia0  | cos θ0 + | Va1  | | Ia1  | cos θ1 + | Va2
 | | Ia2

 | cos θ2].
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So far we have discussed the symmetrical components for the currents, voltages and power.
Let us now study something about the sequence impedances of the system. The sequence
impedances of an equipment or a component of power system are the positive, negative and
zero sequence impedances. They are defined as follows:

The positive sequence impedance of an equipment is the impedance offered by the
equipment to the flow of positive sequence currents. Similarly, the negative sequence or zero
sequence impedance of the equipment is the impedance offered by the equipment to the flow of
corresponding sequence current. The significance of the positive, negative and zero sequence
currents has already been discussed in this chapter. For a 3-phase, symmetrical static circuit
without internal voltages like transformers and transmission lines, the impedances to the
currents of any sequence are the same in the three phases; also the currents of a particular
sequence will produce drop of the same sequence or a voltage of a particular sequence will
produce current of the same sequence only, which means there is no mutual coupling between
the sequence networks. Since for a static device, the sequence has no significance, the positive
and negative sequence impedances are equal; the zero sequence impedance which includes the
impedance of the return path through the ground, in the general case, is different from the
positive and negative sequence impedance. In a symmetrical rotating machine the impedances
met by armature currents of a given sequence are equal in the three phases. Since by definition
the inductance, which forms a part of impedance, is the flux linkages per ampere, it will depend
upon the phase order of the sequence current relative to the direction of rotation of the rotor;
positive, negative and zero sequence impedances are unequal in the general case. In fact for a
rotating machine, the positive sequence impedance varies, having minimum value immediately
following the fault and then increases with time until steady state conditions are reached
when the positive sequence impedance corresponds to the synchronous impedance. The variation
of the positive sequence impedance for a rotating machine has been discussed in Chapter 12.

Let us represent positive, negative and zero sequence impedances respectively by Z1, Z2
and Z0. We have already mentioned that for the symmetrical systems there is no mutual coupling
between the sequence networks. The three-sequence systems can then be considered separately
and phase currents and voltages determined by superposing their symmetrical components of
current and voltage respectively.

Before we proceed further to use the symmetrical components technique for the analysis
of unbalanced conditions in power systems, it is desirable to know the methods for measuring
the sequence impedances.

Measurement of Sequence Impedances of Rotating Machines

Measurement of Positive Sequence Impedance: As already mentioned, the positive sequence
impedance depends upon the working of the machine, i.e., whether it is working under
subtransient, transient or steady state condition. The impedance under steady state condition
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is known as the synchronous impedance and is measured by the well-known open circuit short
circuit test. This impedance is defined as

Synchronous impedance in p.u. = 

Field current at rated armature current
on sustained symmetrical short circuit

Field current at normal open circuit voltage on
the air gap line ( . ., the extended straight line
part of the magnetisation curve)

i e

Method of Test for Synchronous Impedance: The machine is run at synchronous speed in
proper direction with the help of a prime mover (Fig. 13.2).

A

AAZZ

Z A R

F

F

A

V

a

c L

Shorting
link

�����	
�������� �����0�%$'%!�1�'��"��� �' ����%�0��2�'�� �' ������������%��%3��'�%��'(

The switch is kept in off position to perform open circuit test. The readings of voltmeter
for various field currents are taken. Next the excitation is reduced to minimum by putting the
total resistance in the field circuit and the switch is closed to perform short circuit test. Since
short circuit test is under unsaturated condition of the machine it will be a linear characteristic
passing through the origin and one single reading is enough. The two characteristics are plotted
and according to the definition of synchronous impedance  the value is calculated from the
graph.

Method of Test for Subtransient Reactance: Apply voltage across any two terminals except
the neutral with the rotor at rest and short circuited on itself through an ammeter (Fig. 13.3).
The rotor is rotated by hand and it will be observed that for a fixed voltage applied, the current
in the field varies with the position of the rotor. When the rotor is in the position of maximum
induced field current (the direct axis position of rotor), one half the voltage required to circulate
rated current is equal to the direct axis subtransient reactance Xd″ in per unit value. If the
rotor is in the position of minimum induced field current the quadrature axis subtransient
reactance Xq″ is obtained.

A

F

F c b

a
A

V
1 – �
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Measurement of Negative Sequence Reactance: The negative sequence reactance of a
machine is the impedance offered to the flow of negative sequence current.

The machine is driven at rated speed and a reduced voltage is applied to circulate
approximately the rated current. It is to be noted here that since negative sequence currents
flow in this case, there is possibility of hunting which will result in oscillation of the pointer of
the ammeter. The mean reading may be taken. The negative sequence impedance is given by

Z2 = 
V

I3

where V is the voltmeter and I the ammeter reading as shown in the diagram (Fig. 13.4).

F

F c b

a

V

1 – �

A

�����	
� ���%��'�!�����1���$%����������� �� �!"�0%� �(

This can be proved mathematically as follows:

From the experiment, since it is similar to a line-to-line fault with alternator unloaded,

Ia = 0, Ib = I, Ic = – I

Ia1
 = – Ia2

and Va1
 = Va2

and Va0
 = 0, Ia0

 = 0 (see section 13.7.1)

From the measurement, voltage

V = Va – Vb

i.e. V = Va1
 + Va2

 – (λ2Va1
 + λVa2

) = 2Va2
 + Va2

 = 3Va2

and current in the ammeter

 I = Ib = λ2 Ia1
 + λ Ia2

 = (λ – λ2) Ia2

Now  (λ – λ2) = – 0.5 + j0.866 + 0.5 + j0.866 = j 3  = | 3 |∠90°

∴    Current measured = I = 3 Ia2

Now   
V

I

V V

I

V

I

V

I
a b

b

a

a

a

a3 3

3

3 3
2

2

2

2

=
−

= =
.

 = Z2

Measurement of Zero Sequence Impedance: Zero sequence impedance is the impedance
offered by the machine to the flow of the zero sequence current. This impedance is quite variable
and depends upon the distribution, i.e., the pitch and the breadth factors. If the windings were
infinitely distributed so that each phase produced a sinusoidal distribution of the m.m.f. then
the superposition of the three phases with equal instantaneous currents cancel each other and
produce zero field and consequently zero reactance except for slot and end-connection fluxes.
The departure from this by introducing chording and breadth factors determines the zero
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sequence impedance. However, zero sequence impedance is much smaller than positive and
negative sequence impedances. The machine must, of course, be star connected for otherwise
the term zero sequence impedance has no significance as no zero sequence currents can flow.

The machine (Fig. 13.5) is at standstill and a reduced voltage is applied. The zero sequence
impedance Z0 = V/3I.

F

F

A

V

a

bc

1 – �

�����	
�!���%��'�!�����1�6�'�������� �� �!"�0%� �(

This connection ensures equal distribution of current in the three phases and for this
reason is preferable to connecting the three phases in parallel. However, if the six terminals
are not available the three phases are connected in parallel and experiment is conducted in
the same fashion.

	
�! ������������������

Broadly speaking the faults can be classified as:

1. Shunt faults (short circuits).

2. Series faults (open conductor).

Shunt type of faults involve power conductor or conductors-to-ground or short circuit
between conductors. When circuits are controlled by fuses or any device which does not open
all three phases, one or two phases of the circuit may be opened while the other phases or
phase is closed. These are called series type of  faults. These faults may also occur with one or
two broken conductors. Shunt faults are characterised by increase in current and fall in voltage
and frequency whereas series faults are characterised by increase in voltage and frequency
and fall in current in the faulted phases.

Shunt type of faults are classified as (i) Line-to-ground fault; (ii) Line-to-line fault;
(iii) Double line-to-ground fault; and (iv) 3-phase fault. Of these, the first three are the
unsymmetrical faults as the symmetry is disturbed in one or two phases. The method of
symmetrical components will be utilized to analyse the unbalancing in the system. The 3-phase
fault is a balanced fault which could also be analysed using symmetrical components.

The series faults are classified as: (i) one open conductor, and (ii) two open conductors.
These faults also disturb the symmetry in one or two phases and are, therefore, unbalanced
faults. The method of symmetrical components can be used for analysing such situations in
the system.

Here we will discuss only the shunt type of faults.
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Voltage of the Neutral

The potential of the neutral when it is grounded through some impedance or is isolated, will
not be at ground potential under unbalanced conditions such as unsymmetrical faults. The
potential of the neutral is given as Vn = – InZn, where Zn  is the neutral grounding impedance
and In the neutral current. Here negative sign is used as the current flows from the ground to
the neutral of the system and potential of the neutral is lower than the ground.

For a 3-phase system,

  In = Ia  + Ib + Ic

= ( Ia1
 + Ia2

 + Ia0
) + (λ2 Ia1

 + λ Ia2
 + Ia0

) + (λ Ia1
 + λ2 Ia2

 + Ia0
)

= Ia1
(1 + λ + λ2) + Ia2

(1 + λ + λ2) + 3 Ia0

= 3 Ia0
(13.16)

∴  Vn = – 3 Ia0
 Zn (13.17)

Since the positive sequence and negative sequence components of currents through the
neutral are absent, the drops due to these currents are also zero. Also for a balanced set of
currents or voltages the neutral is at ground potential; therefore, for positive and negative
sequence networks, neutral of the system will be taken as the reference.

Reference of Voltages

The phase voltages at any point in a grounded system and their zero sequence components of
voltage will be referred to the ground at that point. The positive and negative sequence
components of voltage are referred to neutral. For the positive and negative sequence systems,
therefore, the expressions voltage to neutral and voltage to ground may be used interchangeably
but for the zero sequence system it is important to distinguish between the two terms.

The analysis here will apply to a symmetrical 3-phase system with dissymmetry only at
one point i.e., faults at simultaneously more than one point will not be considered. In a 3-phase
system, the unknown quantities are the 3-phase voltage Va, Vb and Vc and the 3-phase currents
Ia, Ib and Ic i.e., there are six unknowns. To determine these quantities, six linearly independent
equations are required. In any given problem, certain conditions are required about the unknown
quantities and these are the boundary conditions which can be expressed in the form of equation,
e.g., if conductor a is faulted to ground at some point, the voltage of this conductor at the
faulted point is zero, i.e., Va = 0. It has already been seen that the 3-phase voltages and currents
can be expressed in terms of their corresponding three symmetrical components. Therefore,
instead of 3-phase voltages and currents being unknown one can say that six symmetrical
components Va0

, Va1
, Va2

, Ia0
, Ia1

 and Ia2
 are unknown. In a 3-phase system, three equations

(boundary conditions) can be written in terms of the three unknown phase currents and voltages
at the point of dissymmetry. Three more equations are needed for a solution of the six unknowns.
The advantage in using the six unknown components instead of the six unknown phase
quantities is that the impedances met by the sequence currents can be determined either by
calculation or test. This is not usually the case with phase impedances. However, if the phase
impedances can also be readily obtained, there may be no advantage in introducing components;
in fact, the use of phase quantities may give a simpler solution. The three sequence equations
using the sequence generated voltages and the sequence impedances are derived as follows.
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These equations will be derived for an unloaded alternator with neutral solidly grounded,
assuming that the system is balanced, i.e., the generated voltages are of equal magnitude and
displaced by 120°. Consider the diagram (Fig. 13.6).

Ec
Eb

Ea

Zn Ib

Ic

Ia

�����	
�"���4%3%� �0�)7"2%����8���!(

Since the sequence impedances per phase are same for all three phases and we are
considering initially a balanced system the analysis will be done on single phase basis. The
positive sequence component of voltage at the fault point is the positive sequence generated
voltage minus the drop due to positive sequence current in positive sequence impedance (as
positive sequence current does not produce drop in negative or zero sequence impedances)

Va1
 = Ea – Ia1

 Z1

Similarly, the negative sequence component of voltage at the fault point is the generated
negative sequence voltage minus the drop due to negative sequence current in negative sequence
impedance (as negative sequence current does not produce drop in positive or zero sequence
impedances)

Va2
 = Ea2

 – Ia2
 Z2

Since the negative sequence voltage generated is zero, therefore,

Ea2
 = 0

or Va2
 = – Ia2

Z2

Similarly, for zero sequence voltages

Ea0
 = 0

Va0
 = Vn – Ia0

Zg0
 = – 3 Ia0

Zn – Ia0
Zg0

 = – Ia0
(Zg0

 + 3Zn)

where Zg0
 is the zero sequence impedance of the generator and Zn is the neutral impedance.

The three sequence network equations are, therefore,

Va1
 = Ea – Ia1

Z1 (13.18)
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Va2
 = – Ia1

Z2 (13.19)

Va0
 = – Ia0

Z0 (13.20)

where Z0 = Zg0
 + 3Zn and the corresponding sequence networks for the unloaded alternator

are shown in Fig. 13.7.

Z1

Ea

EbEc
Z1 Z1

Ib1

Ic1

Ia1

Z1

Ea

Ia1

Va1
Va1

ZPB

(a)

Z2

Z2 Z2

Ib2

Ia2

Z2

Ia2

Va2
Va2

ZPB

(b)

Ic2

Z0

Z0 Z0

Ic0

Ia0

Z0

Ia0

Va0
Va0

ZPB

(c)

Ib0

�����	
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Simultaneous solution of the three sequence equations and the three boundary conditions
equations in which the phase quantities have been replaced by their symmetrical components
of currents and voltages, will give the six unknown symmetrical components of currents and
voltages. Once the symmetrical components of currents and voltages are known the phase
currents and voltages can be obtained by using the relation (13.7) through (13.9) respectively.
The sequence network equation in matrix notation will be
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V
V
V

E
Z

Z
Z

I
I
I

a

a

a

a

a

a

a

0

1

2

0

1

2

0

0

0 0
0 0
0 0

0

1

2

�

�

�
�
�

�

�

�
�
�

=
�

�

�
�

�

�

�
�

−
�

�

�
�

�

�

�
�

�

�

�
�
�

�

�

�
�
�

(13.20a)

Now we are ready with mathematical tools to analyse various types of shunt faults. For
all type of faults the sequence network equations will be as given by equations (13.18)–(13.20)
whereas the three equations describing the boundary conditions will be different for different
types of faults. The analysis will be done by both the algebraic manipulations and the matrix
manipulations for the sake of completeness. We will analyse first of all a system where faults
take place on an unloaded alternator with neutral solidly grounded and it is assumed that the
faults are also solid so that no impedance is introduced between the fault points. Later on the
analysis will be made with (i) neutral grounded through some impedance Zn, and (ii) fault
having some impedance Zf .

	
�$ ���������������������������

The system to be analysed is shown in Fig. 13.8. Let the fault take place on phase a. The
boundary conditions are

Va = 0 (13.21)

Ib = 0 (13.22)

 Ic = 0 (13.23)

Ec
Eb

Ea

Ib

Ic

Iaa

b
c

�����	
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and the sequence network equations are

Va0
 = – Ia0

Z0 (13.18)

Va1
 = Ea – Ia1

Z1 (13.19)

Va2
 = – Ia2

Z2 (13.20)

The solution of these six equations will give six unknowns Va0
, Va1

,Va2
 and Ia0

, Ia1

and Ia2
.

From equation (13.13),
Ia1

 = 1
3 (Ia + λIb + λ2Ic)
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Va0
Va0

Ia0
Z0

Va2
Va2

Ia2
Z2

Va1
Va1

Ia1
Z1

Ea

Ia1
= I = Ia2 a0

Ia2
 = 1

3 (Ia + λ2Ib + λIc)

Ia0
 = 1

3 (Ia + Ib + Ic)

Substituting the values of Ib and Ic from equations (13.22–13.23),

Ia1
 = Ia2

 = Ia0
 = Ia/3 (13.24)

Equation (13.21) can be written in terms of symmetrical components

Va = 0 = Va1
 + Va2

 + Va0
(13.25)

Now substituting the values of Va0
, Va1

 and Va2
 from the sequence network equation,

Ea – Ia1
 Z1 – Ia2

Z2 – Ia0
Z0 = 0 (13.26)

Since Ia1
 = Ia2

 = Ia0

Equation (13.26) becomes

Ea – Ia1
 Z1 – Ia1

Z2 – Ia1
Z0 = 0

or Ia1
 = E

Z Z Z
a

1 2 0+ +
(13.27)

From equation (13.27) it is clear that to simulate
a L-G fault all the three sequence networks are
required and since the currents are all equal in
magnitude and phase angle, therefore, the three
sequence networks must be connected in series. The
voltage across each sequence network corresponds to
the same sequence component of Va. The
interconnection of the sequence network is shown in
Fig. 13.9.

So far we have calculated Ia1
 = Ia2  = Ia0

. To
calculate the remaining three unknowns Va0

, Va1
, Va2

,
use is made of the sequence network equations.

The analysis will now be made using matrix
manipulations.

From equation (13.13)

I
I
I

Ia

a

a

a0

1

2

1
3

2

2

1 1 1
1
1

0
0

�
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�
�
�

�

�

�
�
�

=
�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

λ λ
λ λ

Substituting for Ib = Ic = 0,

I
I
I

Ia

a

a

a0

1

2

1
3

2

2

1 1 1
1
1

0
0

�

�

�
�
�

�

�

�
�
�

=
�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

λ λ
λ λ

From this equation     Ia0
 = Ia1

 = Ia2
 = Ia/3

Substituting equation (13.24) into equation (13.20(a)),
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Va0

Ia0
Z0

Va2
Va2

Ia2
Z2

Va1
Va1

Ia1
Z1

Ea

Ia1
= I = Ia2 a0

= 
0

0

1

1

1

0

1
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E
I Z
I Z
I Z
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V
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E
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I Z
I Z

a

a

a

a

a

a

a
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∴ V V V I Z E I Z I Za a a a a a a0 1 2 1 1 1
0 0 1 2+ + = = − + − −

∴        Ia1
 = 

E
Z Z Z

a

1 2 0+ +
Now in case of line-to-ground fault the neutral current

        In = Ia = Ia1
 + Ia2

 + Ia0

and for the same case,        Ia1
 = Ia2

 = Ia0

∴         In = 3 Ia0

In case the neutral is not grounded the zero sequence impedance Z0 becomes infinite
and, therefore, from equation (13.27),

Ia1
 = 

E
Z Z

a

1 2+ + ∞
 = 0

The same result can be envisaged by looking at the system when the neutral is isolated;
there is no return path for the current and, therefore, Ia1

 = Ia2
 = Ia0

 = 0. This means that for
this system the fault current Ia = 0.

Example 13.3: A 25 MVA, 13.2 kV alternator with solidly grounded neutral has a
subtransient reactance of 0.25 p.u. The negative and zero sequence reactances are 0.35 and 0.1
p.u. respectively. A single line to ground fault occurs at the terminals of an unloaded alternator;
determine the fault current and the line-to-line voltages. Neglect resistance.

Solution: Normally the positive sequence
impedance is greater than the negative sequence
but since the given positive sequence impedance
corresponds to the subtransient state, it may be
less than the negative sequence impedance. The
sequence network for a line-to-ground fault
current is shown in Fig. E.13.3.

Let the line-to-neutral voltage at the fault
point before the fault be 1.0 + j0.0 p.u. For a line-
to-ground fault the fault impedance is

  j0.25 + j0.35 + j0.1 = j0.7

∴     Ia1
 = 

E
Z Z Z

j
j

a

1 2 0

1 0 0
0 7+ +

=
+ .

.
 = – j1.428
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For a L-G fault

Ia1
 = Ia2

 = Ia0
 = – j1.428

∴ The p.u. fault current  Ia = Ia1
 + Ia2

 + Ia0
 = 3 Ia1

 = – j4.285

Let the base quantities be 25 MVA, 13.2 kV, and hence

  the base current = 
25 1000

3

×
× 13.2

 = 1093 amps

∴ The fault current in amperes = 1093 × 4.285 = 4685 amps

To find out the voltages, we first find out the sequence components of voltages.

Va1
 = Ea – Ia1

Z1

= 1 + j0.0 – (– j1.428)(j0.25)

= 1 – 0.357 = 0.643

Va2
 = – Ia2

Z2 = – (– j1.428) (j0.35)

= – 0.4998

Similarly, Va0
 = – Ia0

Z0 = – (– j1.428) (j0.1) = 0.1428

As a numeric check Va = 0. Substituting the values of Va1
, Va2

 and Va0
,

0.643 – 0.4998 – 0.1428 ~−  0

 Vb = Vb1
 + Vb2

 + Vb0
 and Vc = Vc1

 + Vc2
 + Vc0

Now Vb1
 = λ2Va1

 = (– 0.5 – j0.866) (0.643)

    = – 0.3215 – j0.5568

Vb2
 = λVa2

 = (– 0.5 + j0.866)(– 0.50)

 = (0.25 – j0.433)

Vb0  = Va0
 = Vc0

 = – 0.1428

Vc1
 = λVa1

 = (– 0.5 + j0.866)(0.643)

      = – 0.3215 + j0.5568

Vc2
 = λ2Va2

 = (– 0.5 – j0.866) (– 0.5)

= 0.25 + j0.433

∴  Vb = – 0.3215 – j0.5568 + 0.25 – j0.433 – 0.1428

      = – 0.2143 – j0.9898

and  Vc = – 0.3215 + j0.5568 + 0.25 + j0.433 – 0.1428

  = – 0.2143 + j0.9898

Now the line-to-line voltage

Vab = Va – Vb. Since Va = 0,

Vab = – Vb = 0.2143 + j0.9898

Vac = – Vc = 0.2143 – j0.9898

and Vbc = Vb – Vc = – j2 × 0.9898

 = – j1.9796
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Now Vab = 0.2143 + j0.9898 = ( . . )0 4592 9 797 10 1+ × −

= 10 346 10 103461. .× =−  = 1.0127 p.u.

The line-to-line voltage will be

Vab = 1.0127 × 
13 2

3

.
 = 7.717 kV

Vac = 7.717 kV

and Vbc = 1.9796 × 
13 2

3

.
 = 15.08 kV.

Line-to-line Fault

As shown in Fig. 13.10, the line-to-line fault takes place on phases b and c. The boundary
conditions are

 Ia = 0 (13.28)

       Ib + Ic = 0 (13.29)

Vb = Vc (13.30)

and the sequence network equations are given by equations (13.18)–(13.20). The solution of
these six equations will give six unknowns.

Ib

Ic

Iaa

b
c

�����	
�	'�
7
�1%�3�����%����3�%0�0�%�0�����'%3�$'���0�0�%3��'�%��'(

Using the relations Ia1
 = 1

3 (Ia + λIb + λ2Ic)

Ia2
 = 1

3 (Ia + λ2Ib + λIc)

Ia0
 = 1

3 (Ia + Ib + Ic)

and substituting for Ia, Ib and Ic

Ia1
 = 1

3 (0 + λIb – λ2Ib)

     = 1
3 (λ – λ2)Ib
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Ia2
 = 1

3 (0 + λ2Ib – λIb)

     = 
Ib

3
 (λ2 – λ)

and Ia0
 = 1

3 (0 + 0) = 0

which means for a line-to-line fault the zero-sequence component of current is absent and
positive-sequence component of current is equal in magnitude but opposite in phase to negative
sequence component of current, i.e.

Ia1
 = – Ia2

…(13.31)

To simulate L-L fault condition zero sequence network is not required and the positive
and negative-sequence networks are to be connected in opposition as Ia1

 = – Ia2
.

Now from equations (13.8) and (13.9)

 Vb = Va0
 + λ2Va1

 + λVa2

 Vc = Va0
 + λVa1

 + λ2Va1

Substituting these relations in equation (13.30),

Va0
 + λ2Va1

 + λVa2
 = Va0

 + λVa1
 + λ2Va2

or (λ2 – λ)Va1
 = (λ2 – λ)Va2

∴     Va1
 = Va2

…(13.32)

That is, positive-sequence component of voltage equals the negative-sequence component
of voltage. This also means that the two sequence networks are connected in opposition. Now
making use of the sequence network equation and the equation (13.32),

Va1
 = Va2

 Ea – Ia1
Z1 = – Ia2

Z2 = Ia1
Z2

or Ia1
 = 

E
Z Z

a

1 2+
The interconnection of the sequence network for simulation of L-L fault is shown in

Fig. 13.11.

Va2
Va2

Va1
Va1

Ia1
Z1 Ia2

Z2

Ea

����������� ������������������������������� ��!������
"
��#�$�%

So far we have calculated Ia1
, Ia2

 and Ia0
, we can calculate the three symmetrical

components of voltages Va1
, Va2

 and Va0
 and then using the relations (13.7)–(13.9), the phase

currents and voltages can be obtained. It is to be noted here that since Ia0
 = 0, ∴ Va0

 = 0.
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Va2
Va2Va1

Va1

Ia1
Ia2

Z2 = j0.35 �Z1 = j0.25 �

1 + j0.0 �

The L-L fault can be analysed using matrix manipulation as follows:

Using the relation (14.13) and substituting for Ia, Ib and Ic,

I
I
I

I
I

a

a

a

b

b

0

1

2

1
3

1 1 1
1
1

0
2

2

�

�

�
�
�

�

�

�
�
�
=
�

�
�
�

�

�
�
� −

�

�

�
�

�

�

�
�

λ λ
λ λ

   Ia0
 = 0, Ia1

 = (λ – λ2)Ib and Ia2
 = (λ2 – λ)Ib

∴ Ia1
 = – Ia2

Again using the relation (13.20a) and substituting for Va, Vb and Vc,

 

V
V
V

V
V
V

a

a

a

b

b

0

1

2

1
3

1 1 1
1
1

2

2

2
�

�

�
�
�

�

�

�
�
�
=
�

�
�
�

�

�
�
�

�

�

�
�

�

�

�
�

λ λ
λ λ

   Va0
 = 1

3 (Va + Vb + Vc) = 0

   Va1
 = 1

3 (Va + λVb + λ2Vb)

   Va2
 = 1

3 (Va + λ2Vb + λVb)

∴    Va1
 = Va2

The sequence network equations are

0 0

0

0 0
0 0
0 0

0

1

1

1

1

0

1

2

V
V

E
Z

Z
Z

I
I

a

a

a a

a

�

�

�
�
�

�

�

�
�
�
=
�

�
�
�

�

�
�
�
−
�

�
�
�

�

�
�
� −

�

�

�
�
�

�

�

�
�
�

∴    Va1
 = Ea – Ia1

Z1 = + Ia1
Z2

∴     Ia1
 = 

E
Z Z

a

1 2+
.

The interconnection of the sequence network for simulating L-L fault satisfies all the
relations derived. We have derived mathematically that zero sequence current will be absent
in this case, which can be envisaged physically from the network also. We see that in the
system there is only one ground i.e., the grounded neutral of the system and since the fault
does not involve ground the zero sequence currents which are single phase currents do not
flow i.e., Ia0

  = 0.

Example 13.4: Determine the fault current and the line-to-line voltage at the fault
when a line-to-line fault occurs at the terminals of the alternator described in Example 13.3.

Solution: The sequence network for L-L
fault is shown in Fig. E.13.4. Since the zero
sequence network is absent, assuming (1 + j0.0)
prefault per unit voltage,

Ia1
 = 

E
Z Z

j
j j

a

1 2

1 0 0
0 25 0 35+

=
+
+

.
. .

     =
+1 0 0

0 6
j

j
.

.
 = – j1.667

����������	������������� ��!%
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Now for a L-L fault

Ia1
 = – Ia2

 = – j1.667

∴ Ia2
 = j1.667

and Ia0
 = 0

To find out the fault current, Ib = – Ic, we use the following relations:

  Ib = Ib1
 + Ib2

 + Ib0
 = Ib1

 + Ib2
 = λ2 Ia1

 + λ Ia2

= (– 0.5 – j0.866)(– j1.667) + (– 0.5 + j0.866)(j1.667)

= j0.833 – 1.4436 – j0.833 – 1.4436

= – 2.8872 p.u.

Now base current is 1093 amperes.

∴   Fault current = 1093 × 2.8872 = 3155.71 amperes

To find out line-to-line voltage we find out the sequence components of voltages

Va1
 = Ea  – Ia1

Z1 = 1 + j0.0 – (– j1.667)(j0.25)

      = 1 – 0.4167 = 0.5833

Similarly,

Va2
 = – Ia2

Z2 = (– j1.667)(j0.35) = 0.5834

i.e., Va1
 = Va2

 = 0.5833 p.u.

 Va = Va1  + Va2
 + Va0

 = Va1
 + Va2

 = 2 × 0.5833 = 1.1666 p.u.

 Vb = λ2Va1
 + λVa2

= (– 0.5 – j0.866) (0.5833) + (– 0.5 + j0.866) (0.5833)

 = – 0.5833

and  Vb = Vc = – 0.5833

Line voltage

Vab = Va – Vb = 1.1666 – (– 0.5833) = 1.7499

Vac = Va – Vc = 1.7499

and Vbc = Vb – V c = 0.0

The line-to-line voltage

Vab = 1.7499 × 
13.2

3
 = 13.33 kV

Vac = 13.33 kV

and Vbc = 0.0 kV. Ans.

Double Line to Ground Fault

Double line to ground fault takes place on phases b and c (Fig. 13.12). The boundary conditions
are

 Ia = 0 (13.33)

Vb = 0 (13.34)

Vc = 0 (13.35)
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and the sequence network equations are given by (13.18)–(13.20).

Ib

Ic

Iaa

b

EbEc

Ea

c

Ib + Ic

���������
�	���$�+$,�-����+�+.���$�#+�+�#$����#���.�
"
"/��#�$�%

The solution of these six equations will give the six unknown symmetrical components.

Using the equations (13.10)–(13.12) and substituting for Va, Vb and Vc from (13.34) and
(13.35).

Va0
 = 1

3 (Va + Vb + Vc)

= Va/3

 Va1
 = 1

3 (Va + λVb + λ2Vc)

= Va/3

Va2
 = 1

3 (Va + λ2Vb + λVc)

= Va/3

i.e.,      Va0
 = Va1

 = Va2
(13.36)

Using this relation of voltages and substituting in the sequence network equations

    Va0
 = Va1

 – Ia0
Z0 = Ea – Va1

Z1

∴ Ia0
 = – 

E I Z

Z
a a−

1 1

0
(13.37)

Similarly    Va2
 = Va1

– Ia2
Z2 = Ea – Ia1

Z1

∴        Ia2
 = – 

E I Z

Z
a a−

1 1

2
(13.38)

Now from equation (13.33),

        Ia = Ia1
 + Ia2

 + Ia0
 = 0
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Substituting values of Ia2
 and Ia0

 from equations (13.38) and (13.37),

Ia1
 – 

E I Z

Z

E I Z

Z
a a a a−

−
−

1 11

2

2

0
 = 0

Rearranging the terms gives

Ia1
 = 

E

Z
Z Z

Z Z

a

1
0 2

0 2
+

+

…(13.39)

From equation (13.39) it is clear that all the three sequence networks are required to
simulate L-L-G fault and also that the negative and zero sequence networks are connected in
parallel. The sequence network interconnection is shown in Fig. 13.13.

From equation (13.39) it is clear that the zero and negative sequence networks are first
connected in parallel and then in opposition with the positive sequence network. The same has
been shown in Fig. 13.13.

Va0
Va0

Ia0
Z0

Va2
Va2

Ia2
Z2

Va1
Va1

Ia1
Z1

Ea

����������� ������������������������������� ��!������
"
"/��#�$�%

The analysis is made using matrix manipulation.

V
V
V

Va

a

a

a0

1

2

1
3

2

2

1 1 1
1
1

0
0

�

�

�
�
�

�

�

�
�
�
=
�

�
�
�

�

�
�
�

�

�
�
�

�

�
�
�

λ λ
λ λ

∴    Va0
 = Va1

 = Va2
 = Va/3

Using these relations in the sequence network equations,

V
V
V

E
Z

Z
Z

I
I
I

a

a

a

a

a

a

a

1

1

1

0

1

2

0

0

0 0
0 0
0 0

0

1

2

�

�

�
�
�

�

�

�
�
�
=
�

�
�
�

�

�
�
�
−
�

�
�
�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

These equations are to be solved for Ia0
, Ia1

 and Ia1
.

Rearranging the terms,

Z
Z

Z

I
I
I

V
E V

V

a

a

a

a

a

a

0

1

2

1

0 0
0 0
0 0

0

1

2

1

1

1

�

�
�
�

�

�
�
�

�

�

�
�
�

�

�

�
�
�
=

−
−

−

�

�

�
�
�

�

�

�
�
�

or  AX = B
where X is the current vector.
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So to find X, pre-multiply this equation by A–1. Therefore,
   X = A–1B.

Now
Z

Z
Z

Z
Z

Z

0

1

2

1
0

1

2

0 0
0 0
0 0

1 0 0
0 1 0
0 0 1

�

�

�
�

�

�

�
�

=
�

�

�
�

�

�

�
�

− /
/

/

as it is a diagonal matrix.

Therefore,      
I
I
I

Z
Z

Z

V
E V

V

a

a

a

a

a a

a

0

1

2

1

1

1

1 0 0
0 1 0
0 0 1

0

1

2

�

�

�
�
�

�

�

�
�
�
=
�

�

�
�

�

�

�
�

−
−

−

�

�

�
�
�

�

�

�
�
�

/
/

/

or   Ia0
 = – 

V

Z

E I Z

Z
a a a1 1

0

1

0
= −

−

  Ia2
 = – 

V

Z

E I Z

Z
a a a1 1

2

1

2
= −

−

Use the relation Ia1
 + Ia2

 + Ia0
 = 0 and substitute the values of Ia0

 and Ia2
 as in equations

(13.37) and (13.38) and rearrange the terms. The following is obtained:

  Ia1
 = 

E

Z
Z Z

Z Z

a

1
0 2

0 2
+

+
The neutral current

  In = Ib + Ic

= λ2 Ia1
 + λ Ia2

 + Ia0
 + λ Ia1

 + λ2 Ia2
 + Ia0

= (λ2 + λ) Ia1
 + (λ + λ2) Ia2

 + 2 Ia0

= – Ia1
 – Ia2

 + 2 Ia0

= Ia0
 + 2 Ia0

 = 3Ia0
(13.40)

Example 13.5: Determine the fault current and the line-to-line voltages at the fault
when a double line-to-ground fault occurs at the terminals of the alternator described in
Example 13.4.

Solution: Assuming (1 + j0.0) p.u. as prefault voltage,

 Ia1
 = 

E

Z
Z Z

Z Z

j

j
j j

j

j
j j

a

1
0 2

0 2

1 0 0

0 25
0 1 0 35

0 45

1 0 0
0 25 0 0778+

+

= +

+ × = +
+

.

.
. .

.

.
. .

= 
1 0 0
0 3278
+ j

j
.

.
 = – j3.0506 p.u.

Now for L-L-G,  Va1
 = Va2

 = Va0

Also  Va1
 = Ea – Ia1

Z1

To find out Ia2
 and Ia0

, we should first find Va1
 and since Va1

 = Va2
 = – Ia2

Z2, Ia2
 can be

obtained.

Similarly, Va1
 = Va0

 = – Ia0
Z0, Ia0

 can be obtained.
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Va1
 = 1 + j0.0 – (– j3.0506)(j0.25)

 = 1 – 0.7626 = 0.2374

∴ Va2
 = Va0

 = 0.2374

and  Ia2
 = – 

V

Z j
j

a2

2

0 2374
0 35

0 2374
0 35

= − =
.

.
.

.
 = j0.678

Similarly,  Ia0
 = – 

V

Z j
a0

0

0 2374
0 1

= −
.

.
 = j2.374

 Ia2
 + Ia0

 = j0.678 + j2.374 = j3.05 = – Ia1

Now  fault current = Ib + Ic = 3 Ia0
 = 3 × j2.374 = j7.122 p.u.

Since base current is 1093 amperes, the fault current will be

1093 × 7.122 = 7784.3 amperes

Va = Va1
 + Va2

 + Va0
 = 3Va1

 = 3 × 0.2374 = 0.7122

and Vb = Vc = 0

The line-to-line fault voltage,

Vab = Va = 0.7122 × 
13 2

3

.
 = 5.42 kV

Vac  = Va = 0.7122 × 
13 2

3

.
 = 5.42 kV

 Vbc = 0.0 kV

3-phase Fault

As shown in Fig. 13.14, the boundary conditions are

Ia + Ib + Ic = 0 (13.41)

Va = Vb = Vc (13.42)

Ib

Ic

Ia

���������	 	��"01#��������#$�-����+�+�#�+���$�#+�+

#$����#�����"01#����1����+%
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Since | Ia | = | Ib | = | Ic | and if Ia is taken as reference

Ib = λ2Ia and Ic = λIa

Using the relation

Ia1
 = 1

3 (Ia + λIb + λ2Ic)

and substituting the values of Ib and Ic,

Ia1
 = 1

3 (Ia + λ3 Ia + λ3 Ia)

= Ia (13.43)

Ia2
 = 1

3 (Ia + λ2Ib + λIc)

Substituting for Ib and Ic in terms of Ia,

Ia2
 = 1

3 (Ia + λ4Ia + λ2Ia)

= 1
3 (Ia + λIa + λ2Ia)

= 
Ia

3
(1 + λ + λ2)

= 0 (13.44)

Similarly, Ia0
 = 1

3 (Ia + Ib + Ic)

= 0 (13.45)

which means that for a 3-phase fault zero-as well as negative-sequence components of current
are absent and the positive-sequence component of current is equal to the phase current.

Now using the voltage boundary relation,

Va1
 = 1

3 (Va + λVb + λ2Vc) = 1
3 (Va + λVa + λ2Va)

= 
Va

3
(1 + λ + λ2) = 0 (13.46)

Va2
 = 1

3 (Va + λ2Vb + λVc)
= 0 (13.47)

Va0
 = 0 (13.48)

Since Va1
 = 0 = Ea – Ia1

Z1,

∴  Ia1
 = 

E
Z

a

1
(13.49)

The sequence network is shown in Fig. 13.15.

Ia1
Z1

Ea

���������� ������������������� ��������
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From the analysis of the various faults, the following observations are made:

1. Positive sequence currents are present in all types of faults.

2. Negative sequence currents are present in all unsymmetrical faults.

3. Zero sequence currents are present when the neutral of the system is grounded and
the fault also involves the ground, and magnitude of the neutral current is equal to 3 Ia0

.

Since only the positive sequence voltages are generated in the synchronous machine,
the question is frequently raised as to the origin of negative and zero sequence voltages that
appear throughout the network. It is seen from the analysis that any unbalanced condition
gives rise to positive sequence currents and other sequence currents. The negative-and zero-
sequence currents produce corresponding drops in their respective networks. These voltages
are in general a maximum at the fault point and decrease as the neutral bus is approached.

So far we have studied the various faults on an unloaded alternator with the neutral
solidly grounded and the fault is assumed to be solid, i.e., with no fault impedance. Now we
will analyse all these faults with neutral impedance Zn and fault impedance Zf . Analysis will
be made using algebraic manipulations only. Matrix method will not be repeated, the reader
can always try the analysis based on the treatment done earlier in this chapter.

���� 
�����������������
��������
�

The fault impedance is Zf and the neutral impedance Zn (Fig. 13.16).

Ib

Ic

Ia

Zf

Zn

(a)

Z1 Ia1

Va1
Va1

Z2 Ia2

Va2
Va2

3Zf Ia0
Zgc

Va0
Va0

(b)

3Zn

Ea

Ia1
= I = Ia2 a0

���������� 4�5�	��"01#�����$�#+�+�#$����#���� ��1������#$�-����+�+

�1���-1��60�+#����7��#�+��#�$���60�+#����7�.�
"/��#�$�8
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The boundary conditions are

Va = Ia Zf

 Ib = 0, Ic = 0

    Va0
 = – Ia0

 (Zg0
 + 3Zn)

    Va1
 = Ea – Ia1

Z1, Va2
 = – Ia2

Z2

The solution of these equations gives the unknown quantities.

From equation (13.13) and the boundary condition above,

Ia1
 = Ia2

 = Ia0
 = Ia/3

      Va1  + Va2
 + Va0

 = Va = 3 Ia1
(Zf)

Ea – Ia1
Z1 – Ia1

Z2 – Ia1
(Z0 + 3Zn) = 3 Ia1

(Zf)

∴ Ea = Ia1
[Z1 + Z2 + {(Z0 + 3Zn) + 3Zf }]

∴ Ia1
 = E

Z Z Z Z Z
a

n f1 2 0 3 3+ + + +( )
(13.50)

Since Ia1
, Ia2

 and Ia0
 are known, Va1

, Va2
 and Va0

 can be calculated from the sequence
network equations. The sequence network interconnection is shown in Fig. 13.16(b).

Line-to-Line Fault with Zf

The boundary conditions, as shown in Fig. 13.17(a), are

  Ia = 0 (13.28)

Ib + Ic = 0 (13.29)

 Vb = Vc + IbZf (13.51)

and the sequence network equations are

Va1
 = Ea – Ia1

Z1

Va2
 = – Ia2

 Z2

Va0
 = – Ia0

 Z0

By using equation (13.13), we know that Ia1
 = – Ia2

 and Ia0
 = 0.

Using equations (13.8)–(13.9) in equation (13.51),

Vb = Vc + IbZf

Va0
 + λ2Va1

 + λVa2
 = Va0

 + λVa1
 + λ2Va2

 + (λ2 Ia1
 + λ Ia2

)Zf

or  λ2Va1  – λVa1
 = (λ2 – λ)Va2

 + (λ2 Ia1
 – λ Ia1

) Zf

or     Va1
 = Va2

 + Ia1
 Zf (13.52)

Now substituting for Va1
 and Va2

 from the sequence network equations,

Ea – Ia1
Z1 = – Ia2

Z2 + Ia1
Zf

Ea – Ia1
Z1 = Ia1

(Z2 + Zf)

or     Ia1
 = 

E
Z Z Z

a

f1 2� �( )
(13.53)
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The interconnection of the sequence network is shown in Fig. 13.17(b).

Ib

Ic

Ia

(a)

Zf

Zn

Va2
Va2

Va1
Va1

Ia1
Ia2

Z2Z1

Ea

Zf

(b)

�����������4�5�
"
��#�$�8�4�5�������������������������������� ��!.��#�$���60�+#����7
�
.�
"
��#�$�%

Double Line-to-Ground Fault

Fault impedance is Zf and neutral impedance zn. The boundary conditions, as shown in
Fig. 13.18(a), are

  Ib = 0

 Vb = Vc = (Ib + Ic)Zf (13.54)

and the sequence network equations are

 Va1
= Ea – Ia1

Z1

Va2
 = – Ia1

 Z2

Va0
 = – Ia0

 (Z0 + 3Zn)

We know that       (Ib + Ic) = 3 Ia0

Ib

Ic

Ia

Zf

Zn

( )+ IcIb

����������� 4�5�
"
"/��#�$�%��#�$���60�+#����7
�
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∴ Equation (13.54) becomes

Vb = Vc = 3 Ia0
Zf

∴ λ2Va1
 + λVa2

 + Va0
 = λVa1

 + λ2Va2
 + Va0

or  Va1
 = Va2

Using this relation in equation

Vb = 3 Ia0
 Zf

λ2Va1
 + λVa1

 + Va0
 = 3 Ia0

Zf

or  – Va1
 + Va0

 = 3 Ia0
Zf

or  Va1
 = Va0

 – 3 Ia0
Zf

Substituting for Va1
 and Va0

 from the sequence equation and expressing Ia0
 in terms of

Ia1
, we get

 Ea – Ia1
Z1 = – Ia0

(Z0 + 3Zn) – 3 Ia0
Zf

or Ia0
 = – 

E I Z

Z Z Z
a a

n f

−
+ +

1 1

0 3 3

Similarly making use of the relation Va1
 = Va2

, we express Ia2
 in terms of Ia1

.

Ea – Ia1
Z1 = – Ia2

Z2

or Ia2  = – 
E I Z

Z
a a−

1 1

2

Substituting the values of Ia2
and Ia0

 in the equation

Ia = Ia1
 + Ia2

 + Ia0
 = 0

Ia1
 – 

E I Z

Z

E I Z

Z Z Z
a a a a

n f

−
−

−
+ +

1 11

2

1

0 3 3
 = 0

or Ia1
 = 

E

Z
Z Z Z Z

Z Z Z Z

a

n f

n f
1

2 0

2 0

3 3

3 3
+

+ +
+ + +
( ) (13.55)

The interconnection of the sequence network is shown in Fig. 13.18(b).

Va0
Va0

Ia0
Zg0

Va2
Va2

Ia2
Z2

Va1
Va1

Ia1
Z1

Ea

3Zf

3Zn

����������� 4�5�������������������������������� ��!��������-%���%�&4�5%
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Before we proceed further to study the faults on an actual system where the alternator
may be connected to a transmission line through a transformer or any other interconnected
system, we will like to study the sequence network representation of various components like
a generator, transformer, a synchronous motor etc.

���� ��������������� �

The positive sequence network is in all respects identical with the usual networks considered.
Each synchronous machine must be considered as a source of e.m.f. which may vary in
magnitude and phase position depending upon the distribution of power and reactive volt
amperes just prior to the occurrence of the fault. The positive sequence voltage at the point of
fault will drop, the amount being dependent upon the type of faults; for 3-phase faults it will be
zero; for double line-to-ground fault, line-to-line fault and single line-to-ground fault, it will be
higher in the order stated.

The negative sequence network is in general quite similar to the positive sequence network
except for the fact that since no negative sequence voltages are generated, the source of e.m.f.
is absent.

The zero sequence network  likewise will be free of internal voltages, the flow of current
resulting from the voltage at the point of fault. The impedances to zero sequence current are
very frequently different from the positive or negative sequence currents. The transformer
and generator impedances will depend upon the type of connections whether star or delta
connected; if star, whether grounded or not.

Equivalent circuit for the zero sequence network depends upon the impedances met by
the zero sequence currents flowing through the three phases and their sum, 3 Ia0

, flowing
through the neutral impedance and returning through the ground or a neutral conductor. If
there is no complete path for zero sequence currents in a circuit, the zero sequence impedance
is infinite. Thus a Y-connected circuit with ungrounded neutral has infinite impedance to zero
sequence currents (Fig. 13.19(a)).

Z

ZZ
N

ZN

ZPB

(a)

Z

ZZ

ZN

ZPB

(b)

Z

Z

Zn

Z

Z

3Zn

(c)

Z

Z

Z

Z

(d)
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In case the star point is solidly grounded i.e., zero impedance between the neutral and
the ground, a zero impedance is connected between the neutral point and the zero potential
bus (Fig. 13.19(b)).

In case the neutral is grounded through some impedance Zn, an impedance of 3Zn should
be connected between the neutral point and the zero potential bus (Fig. 13.21(c)).

A current of 3 Ia0
 produces a drop of 3Ia0

Zn and to show in the equivalent zero sequence
network the same drop where current of Ia0

 flows, the impedance should be 3Zn.

A delta-connected circuit provides no path for zero sequence currents flowing in the
line. The zero sequence currents being single phase, circulate within the winding. Hence viewed
from its terminals its zero sequence impedance is infinite (Fig. 13.21(d)).

The zero sequence equivalent circuits of 3-phase transformers require special attention
because of possibility of various combinations. The general circuit for any combination is given
in Fig. 13.20 (a).

Z0

Primary Secondary

(a)
Z0

Z0

ZPB(b)

�/Y transformer

��������
! 4�5�� ���1�#��#�-�6���������#���#�����6��

4�5�����:#$�������∆;�%

Z is the zero sequence impedance of the windings of the transformer. These are two
series and two shunt switches. See the location of the switches. One series and one shunt
switch are for both the sides separately. The series switch of a particular side is closed if it is
star grounded and the shunt switch is closed if that side is delta connected, otherwise they are
left open.

Say the transformer is ∆/Y connected with star ungrounded (Fig. 13.20(b)). Since the
primary is delta connected, the shunt switch of primary side is closed and series is left open.
The secondary is star ungrounded; therefore, the series switch is left open and shunt switch is
also left open.
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The zero sequence equivalent circuits for a few more combinations using this rule are
drawn in Fig. 13.21.

Z0

(a)

Z0

(b)

Z0 Z0

ZPB

(c)

Zn

Z0 Z0

(d)

Z0 Z0

(e)

Z0 Z0 + 3Zn3Zn

(f)

Z0 Z0

ZPB

��������
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The reader after having some practice with the switch diagram will be able to draw the
equivalent circuit very easily. Now we are ready to analyse the faults on power system.

����!�����
������"������#���$�

The faults are analysed easily by making use of Thevenin’s theorem. As the readers know that
this theorem can be used for determining the changes that take place in currents and voltages
of a linear network when an additional impedance is added between two nodes of the network.
The theorem states that:

The changes that take place in the network voltages and currents due to the addition of
an impedance (a short circuit) between two network nodes are identical with those voltages
and currents that would be caused by an e.m.f. placed in series with the impedance and having
a magnitude and polarity equal to the pre-fault voltage that existed between the nodes in
question and the impedance as seen between the nodes with all active voltage sources short
circuited.

To determine the current and voltage distribution in the system, the distribution in
each of the sequence networks must first be determined. The Thevenin’s equivalents of positive,
negative and zero sequence networks are identical to those of a network of single generator.

Consider the system in Fig. 13.22 for illustration of the application of Thevenin’s theorem
for determining the equivalent positive, negative and zero sequence networks.

Thevenin’s equivalent of positive sequence networks is obtained from the positive
sequence network. The Thevenin’s equivalent voltage source is the prefault voltage at the
fault point and the equivalent impedance Z1 eq is the impedance as seen between the fault
point and the zero potential bus shorting the voltage sources. It is to be noted here that positive
sequence impedance of the alternator or the synchronous machine depends upon the state of
the machine i.e., whether it is sub-transient, transient or steady state.

Similarly, the Thevenin’s equivalent negative and zero sequence networks are obtained
from the negative and zero sequence networks respectively. Since the system is balanced, no
negative or zero sequence currents are flowing before the fault occurs. The prefault negative
and zero sequence voltages at the fault point are zero. Therefore, no e.m.fs. appear in the
equivalent circuits. The impedances Z2 eq and Z0 eq are measured between the fault point and
the reference bus in their respective networks.

In the positive network, the currents throughout the system due to the fault can be
added to the load currents before the fault to give the total positive sequence current during
the fault. The net fault current is the fault current considering the system under no load
condition plus the load current super-imposed over the fault currents.

P

(a)

��������
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P

Z1eq

Z1eq

Ia1

Va1
Va1

Vf

Ia2

Z2eq
Z2eq Va2

Va2

(c)
Ia0

Z0eq
Z0eq Va0

Va0

(d)

(b)

��������

 4�5.�4�5�#�+�4�5��1�:����=������:#$�������0�����:�.���-#��:�

#�+�>���������������� ��!�%
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The two possible ways of connecting ∆-Y transformers are shown in Figs. 13.23 (a) and (b).

The small letters used refer to the star side and capital letters to the delta side of the
transformer. The winding e′e on star side corresponds to the E′E on the delta side. The primed
letters indicate the beginning of the winding and unprimed the finish of the winding.
Figs. 13.23 (c) and (d) give the voltage vector diagram for positive sequence of the connections
in (a) and (b) respectively, neglecting the voltage drop in the transformer. Say vector diagram
(c) is drawn such that Va1

 and VCB1 are in phase and the other vectors follow. Similarly, in (d),
Va1

 and VBC1
 are in phase. If each voltage is expressed in per unit with its own voltage as the

base voltage, VBC1
, Va1

 and VA1
 in Fig. (c) are equal in magnitude, and therefore,

VA1
 = jVBC1

 = jVa1
(13.56)

whereas in Fig. (d)

VA1
 = – jVBC1

 = – jVa1
(13.57)

From the above, it is clear that the line to neutral voltage VA1
 on the delta side leads the

line to neutral voltage on star side in Fig. (a) by 90° whereas in Fig. (b) it lags by 90°.
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The connection diagram in Figs. (a) and (b) and their corresponding vector diagrams for positive
sequence voltage in Figs. (c) and (d) relate to the usual transformer connection diagrams and
hence if the connection diagram is given, the phase relation between VA1

 and Va1
 can be

determined by inspection. Referring to Figs. (e) and (f) which are the negative sequence voltage
vector diagrams of Figs. (a) and (b) respectively, we have

For Fig. (e),

VA2
 = – jVCB2

 = – jVa2
(13.58)

and for Fig. (f ),

VA2
 = jVBC2

 = jVa2
(13.59)

F�

A

C

B

E

D�

F

D

E�

f�
e�

d� d
a

be

cf

(a)

C

B

A

F

F� E

D� D
E�

f�
e�

e� d
a

be

cf

(b)

VAC1 VBA1

VB1

VC1
VA1

A

C B
VCB1

(c)

Vc1

Va1

Vb1

VAB1
VCA1

A

CB
VBC1

Vc1

Va1

Vb1(d)

VAC2
VBA2

A

BC
VCB2

Va2

Vc2(e)

Vb2
Vb2

Va2

Vc2

VAB2 VCA2

VBC2

A

B C

(f)

IA1I IAB1 C1
=

I Ia1 BC1
=

IB1
IBC1

IAB1ICA1

IC1

IA1

C B

A

Ia1

Ic1

IB1

I Ib1 CA1
= (g) Ib1

IC1

��������
��
1#����1�������∆"����#�����6��%

It is clear that the phase shift in the negative sequence voltages is in the direction
opposite to the shift in phase of the positive sequence voltage for the same connection diagram.

Since the kVA rating of the transformer on the two sides is the same, if we neglect the
exciting current, resistance and the voltage drop, it is essential that the shift in phase of positive
and negative sequence line currents in passing through a ∆-Y or Y-∆ transformer banks with
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transformer exciting currents neglected must correspond to the shift in phase of line-to-neutral
voltages with the drop neglected.

Referring of Fig. (g) which corresponds to the positive sequence current vector diagram
of Fig. (a), let the currents leave the neutral of the star side and enter the delta side of the
transformer. This means in star, the current goes from e′ to e whereas in delta it goes from E to
E′, i.e., from B to C as indicated by the arrow. Arrows on the delta side are used to indicate
direction of current flow but do not indicate the direction of phase relation with respect to star
currents. Let Ia1

 be the reference vector and with exciting current neglected IBC1
 is in phase

with Ia1
. Again expressing the line currents in per unit with its own-current as the base current

IA1
 = – j ICB1

 = j IBC1
 = j Ia1

(13.60)

Similarly for negative sequence current,

IA2
 = – j Ia2

(13.61)
In fact these current relations can be derived in a different way also. We know that the

total input to the transformer as a unit is zero assuming a lossless transformer, i.e., V1I1 + V2I2
= 0. That is

VA1
IA1

 + Va1
Ia1

 = 0 (13.62)

Now we have from equation (13.56),

VA1
 = jVa1

Substituting this relation in equation (13.62),

or      jVa1
IA1

 + Va1
Ia1

 = 0

or j IA1
 = – Ia1

and  IA1
 = j Ia1

(13.60)

or  VA2
IA2

 + Va2
Ia2  = 0

or – jVa2
IA2  + Va2

Ia2
 = 0

or – j IA2
 = – Ia2

IA2
 = – j Ia2

(13.61)

Similarly for the other connections where VA1
 = – jVa1

and VA2
 = jVa2

 the current
relations can be derived.

It is, therefore, seen that the positive sequence line-to-neutral voltages and line currents
are shifted 90° in phase in the same direction in passing through a Y-∆ or ∆-Y transformer
whereas the corresponding negative sequence quantities are shifted 90° in the direction opposite
to the positive sequence shift.

In case it is desired to know only the magnitude of voltage and currents in a system
during faults, we need not consider the phase shift of 90°. If both magnitude and phase relations
are required then we must consider the 90° phase shift. To solve the short circuit problems in
which the connection of the ∆-Y transformer is not given, any one of the two connections can be
assumed. The only difference in the final results will be the sign of the voltages and currents.
The sign in one case is plus and in the other it will be minus, the magnitudes will remain same.

Example 13.6: A 30 MVA, 13.8 kV, 3-phase alternator has a subtransient reactance of
15% and negative and zero sequence reactances of 15% and 5% respectively. The alternator
supplies two motors over a transmission line having transformers at both ends as shown on
the one-line diagram. The motors have rated inputs of 20 MVA and 10 MVA both 12.5 kV with
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20% subtransient reactance and negative and zero sequence reactances are 20% and 5%
respectively. Current limiting reactors of 2.0 ohms each are in the neutral of the alternator
and the larger motor. The 3-phase transformers are both rated 35 MVA, 13.2 ∆-115Y kV with
leakage reactance of 10%. Series reactance of the line is 80 ohms. The zero sequence reactance
of the line is 200 ohms. Determine the fault current when (i) L-G (ii) L-L, and (iii) L-L-G fault
takes place at point P. Assume Vf = 120 kV.

Solution: The three sequence networks will be as shown in Fig. E.13.6. Assume base of
30 MVA and base voltage of 13.8 kV in generator circuit.

j 0.0784 � j 0.167 � j 0.0784 �

j 0.15 � j 0.492 � j 0.246 �

j 0.0784 � j 0.167 � j 0.0784 �

j 0.492 � j 0.246 �j 0.15 �

Ia1

Ia2j 0.0784 � j 0.416 � j 0.0784 �

j 0.05 �

j 0.945 � j 0.945 �

j 0.061 �

j 0.123 �

Ia0

P

�����������

Positive Sequence Network

The base voltage on the line side of the transformer = 13.8 × 
115
13.2

 = 120 kV

∴ The base voltage on the motor side of the transformer = 120 × 
13.2
115

 = 13.8 kV
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The per cent reactance of transformer = 10 × 
13.2
13.8
�
�	



��

×
2 30

35
 = 7.8423%

The per cent reactance of motor = 20 × 
12.5
13.8
�
�	



��

×
2 30

20
 = 24.6%

The per cent reactance of line = 80 × 
30

1202  × 100 = 
2400
144

 = 16.7%

Negative Sequence Network: The network is exactly identical to positive sequence network
except  for the sources.

Zero Sequence Network

The neutral reactance = 2 × 3 × 
30

13 8 2( . )
 × 100 = 

180 100
13 8 2

×
( . )

 = 94.5%

The zero sequence reactance of line = 200 × 
30

120 2( )
 × 100 = 

6000
144

 = 41.6%

Once the three sequence networks are ready we analyse different fault conditions as
follows:

L-G Fault: The three sequence networks are connected in series, positive sequence
impedance between P and ZPB is (when sources are short circuited) j0.146. Similarly,

Negative sequence impedance = j0.146

Zero sequence impedance = 0.06767

  Total impedance = j0.3596

∴ Ia1
 = 

1 0 0
0 35967
+ j

j
.

.
 = – j2.78 p.u. = Ia2

 = Ia0

Fault current = 3 Ia1
 = – j8.34

Base current = 
30 1000

3 13 8
×
× .

 = 1255 amps

or on the line side

Base current = 
30 1000

3 120

×
×

= 144.3 amps

∴ Fault current = 144.3 × 8.34 = 1203 amps

L-L Fault: Here only positive and negative sequence networks are required.

Ia1
 = 

1 0 0 1 0 0
0 146 0 146

1 0 0
0 2921 2

+
+

= +
+

= +j
Z Z

j
j j

j
j

. .
. .

.
.

 = – j3.42

∴ Ia1
 = – Ia2

 = – j3.424

Fault current  Ib = – Ic = λ2 Ia1
 + λ Ia2

 as Ia0
 = 0

Ib (– 0.5 – j0.866)(– j3.424) + (– 0.5 + j0.866)(j3.424)

= j1.712 – 2.965 – j1.712 – 2.965 = 5.9315 p.u.

∴   Fault current = 5.9315 × 144.3 = 855.9 amps
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L-L-G Fault: Here

Ia1
 = 

1 0 0

0 146
0 146 0 06767
0 146 0 06767

1 0 0
0 19224

+

+ ×
+

= +j

j
j j
j j

j
j

.

.
. .
. .

.
.

  = – j5.2 p.u.

Ia2  = – 
I Z

Z Z
j j

j
a1 0

2 0

5 2 0 06767
0 21367+

=
+ ×. .

.
 = j1.647

Ia0  = j3.553

The fault current is

       Ib + Ic = 3 Ia0
 = 3 × j3.553 p.u.

∴ The fault current = 3 × 3.553 × 144.3 = 1538 amps.

����
����������

Reactor is a coil which has high inductive reactance as compared to its resistance and is used
to limit the short circuit current during fault conditions. To perform this function it is essential
that magnetic saturation at high current does not reduce the coil reactance. If an iron cored
inductor is expected to maintain constant reactance for currents two to three times its normal
value it will turn out to be very costly and heavy. Therefore air cored coils having constant
inductance are generally used for current limiting reactors.

Air cored reactors are normally of two types: (i) oil immersed type, and (ii) dry type. Oil
immersed reactors can be cooled by any of the means used for cooling the power transformer
whereas the dry type are usually cooled by natural ventilation and are sometimes designed
with forced-air and heat exchanger auxiliaries. Reactors are usually built as single phase units.

With the increase in interconnection of power system the fault levels are increasing. It
is, therefore, necessary to increase the reactance by introducing reactors at strategic points in
the system. The following are the various possibilities:

(i) Generator Reactors: The reactance of modern alternators may be as high as 2.0 p.u.
which means even a dead short-circuit at the terminals of the alternator will result in a cur-
rent less than full load current and, therefore, no external reactor is required for limiting the
short circuit current of such a machine. However, if some old machines are being used alongwith
the modern alternator, these old machines need the reactors for limiting the short circuit
current. The location of reactors is given in Fig. 13.24(a).

(ii) Feeder Reactor: The per unit value of reactance of a feeder based on its ratings may
be small but when compared with the rating of the whole system, its value is quite large and
hence a small reactor will be effective in limiting the short circuit current should a fault occur
close to the generating station. In case this feeder reactor is not there, a fault in such a location
would bring the bus bar voltage almost down to zero value and there is a possibility of various
generators falling out of step. We know that, to improve the transient stability of a system the
critical clearing angle should be as small as possible, i.e., the breakers should be as fast as
possible. In order to obtain this situation and at the same time to reduce the current to be
interrupted the feeder must be associated with a reactor (Fig. 13.24(b)).
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(a) (b)

(c)
A B

jx

(d)

(e)

���������	���������������������� �!�"������#

�� ����$����"$���%� �&'�&��(

(iii) Busbar reactor: There are three methods of
interconnecting the busbar through the reactors as
shown in Fig. 13.24 (c-e). The simple method is suit-
able for plants of moderate output whereas for large-
sized plants either the star or ring system of connec-
tion is used. It is to be noted that any transfer of power
from say section A to section B of the generators, a
difference in potential between the bus section is de-
veloped. If the power to be transferred is wattless the
difference in voltage between the bus section will be
much more as compared to when active power of same magnitude will be transferred. Refer to
phasor diagram (Fig. 13.25) for the two conditions when resistance of the system is neglected.

VAp is the voltage of bus A when active power is transferred and VAq is the voltage of bus
A when reactive power of same magnitude is transferred from A to B. Since the allowable
voltage difference between the bus sections is quite limited it is desirable to meet the wattless
requirement of load at bus B by adjusting excitation of the plant at B and the active power
requirement can be met by transferring power from A to B.

���������
�
)�����$*�+��,����

�*+(� -�(./�� (

I�AB

IAB

VAp

I�ABX

IABX

VB

VAq
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In case of the ring arrangement, the current to be transferred between two sections
flows through two paths in parallel whereas in tie-bar or star system the current flows through
two reactors in series. As a result of this configuration whenever a busbar connection is removed
for repairs or maintenance in case of a ring arrangement, the maximum power that can be
transferred reduces materially which is not the case in case of tie-bar system. For protection
the two arrangements involve almost the same cost, except in the limit, it is advantageous to
use the tie-bar system.

Calculation of 3-phase Short-Circuit Currents

The sudden short-circuit of a 3-phase alternator has been discussed in Chapter 12. It is shown
there that the impedance of the alternator grows from the instant of short circuit to the steady
state condition. Which impedance should be considered for evaluating the short-circuit  currents,
depends upon whether subtransient, transient or steady state short circuit current is required.

The p.u. impedance of an equipment = 
IZ
V

where Z is the impedance of the equipment in ohms and I and V are the rated current and
voltage respectively.

Now    Isc = V/Z

∴ Zp.u. = 
IZ
V

I
I

IV
I Vsc sc

= =

If VI is the base or full load volt-amperes and VIsc the short-circuit volt-amperes, then

Zp.u. = 
Base or full load volt-amperes

Short-circuit volt-amperes

or    S.C. MVA = 
Base or full load MVA

p.u.Z

This is the relation that will be used for evaluating the short circuit MVA.

���������
����������������������������������������

Consider Fig. 13.26. The diagram shown is a part of a large
interconnected system. Assume that a symmetrical short
circuit occurs at bus 1.

The prefault voltage of bus is 1 p.u. and as soon as
the fault takes place, the voltage of this bus reduces to
almost zero. The voltage of the other buses will sag during
the short-circuit and the reduction in voltage of various
buses is an indication of the ‘‘strength’’ of the network.
We normally are interested in knowing this strength and
the severity of the short-circuit stresses. Both these objectives are met by a quantity known as
short-circuit capacity or fault level of the bus in question. By strength of a bus is meant the
ability of the bus to maintain its voltage when a fault takes place at other bus. Of course when
a fault takes place at the bus in  question, the voltage of this bus will reduce to zero but in case

�����������	��)���%&'�������,

2*�)��)���%�*��'*�����&'��-(

2 3

1
Short-circuit
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a fault takes place at some other bus then how far the bus in question is able to maintain its
voltage is a measure of the strength of the bus. The short-circuit capacity is defined as the
product of the magnitude of prefault voltage and post-fault current. Since the strength of a bus
is directly related to its short-circuit capacity, the higher the short circuit capacity of the bus
the more it is able to maintain its voltage in case of a fault on any other bus. Also it can be seen
that higher the short-circuit capacity, lower will be the equivalent impedance as seen between
the faulted bus and the zero potential bus of the system. For a bus which is infinitely strong or
which has infinite short-circuit capacity will have zero equivalent impedance. In fact such a
bus is known as ‘‘infinite bus’’. Such a bus is characterized by a zero equivalent impedance and
it is able to maintain constant voltage irrespective of where the short circuit takes place except,
of course, for a short circuit on the bus itself, when its voltage will reduce to zero.

Whenever a short circuit takes place at a bus with higher short-circuit capacity or fault
level, high current flows in the bus. This taxes the circuit breaker. The short-circuit stress to
which a breaker is subjected is directly related to short-circuit capacity rather than the short-
circuit current for two reasons. The first job of the breaker is to extinguish the short-circuit
current and once it has extinguished the arc, the breaker contacts must maintain sufficient
insulation strength to withstand the voltage (recovery voltage) that appears across them. Since
the recovery voltage is 1 p.u. it is logical to rate a breaker for both the post-fault current and
prefault voltage, i.e., in terms of short-circuit capacity rather than the short-circuit current.

Example 13.7: A generating station having n section busbars each rated at Q kVA with
x% reactance is connected on the tie-bars system through busbar reactances of b%. Determine
the short-circuit kVA if a 3-phase fault takes place on one section. Determine the short-circuit
kVA when n is very large.

Solution: The tie-bar system is represented as follows:

1 2 n

F

b%

Let the fault take place at F. The equivalent circuit will be as follows:

1 2 n
x

b

Zeq

The equivalent impedance Zeq between the zero potential bus and the fault point is

b x
n

b
�

�

�

�
�
�

�
�
�1

 || x or bn x
n

�

� 1
 || x
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or      
1 1 1

Z x
n

bn xeq
� �

�

�

( )
( )

∴ The short-circuit kVA = 
Q

Zeq
 × 100 = Q 

1 1
x

n
bn x

+ −
+

�

�
	




�
�

( )
 × 100

Now, if n is very large,

Q
1 1 1 1 1
x

n
b x n

Q
x b

+
−
+

�

�
	




�
� = +�

�	



��
/
/

The short-circuit MVA is independent of the number of section. This is the main advantage
of tie-bar system. This effectively means that any extension of a large tie-bar interconnected
system will not require replacement of the existing switchgear system.

Example 13.8: Determine the percentage increase of busbar voltage required to
compensate for the reactance drop when the feeder having a reactance of 3% carries a full load
current at a p.f. 0.8 lagging.

Solution: The system is shown below:

full load at 0.8 p.f.
3%

For a series impedance the approximate % drop in volts = vr cos φr + vx sin φr, where vr
and vx are the per cent resistance and reactance of the series element respectively. Since the
feeder has negligible resistance vr = 0.

∴ Per cent drop of volts = vx sin φr = 3 × 0.6 = 1.8%. Ans.

Example 13.9: A small generating station has a busbar divided into three sections.
Each section is connected to a tie-bar with reactors each rated at 5 MVA, 0.1 p.u. reactance. A
generator of 8 MVA rating and 0.15 p.u. reactance is connected to each section of the busbar.
Determine the short-circuit capacity of the breaker if a 3-phase fault takes place on one of the
sections of busbar.

Solution: Let the base MVA be 8 MVA, the per unit reactance of the generator be 0.15
p.u. and that of the reactor 0.1 × 8/5 = 0.16 p.u.

The equivalent circuit is as shown below:

Zeq Zeqj 0.15 �

j 0.16 �

j 0.15 �

j 0.16 �

j 0.155 �

j 0.15 �

j 0.16 �

j 0.15 �

j 0.16 �

The equivalent impedance Zeq = 
j j

j
0 15 0 315

0 465
. .

.
×

 = j0.1016129

∴ Short-circuit capacity = 
Base MVA

Z jeq
=

8
0 1016129.

 = 78.73 MVA.
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Example 13.10: Two generating stations having short-circuit capacities of 1200 MVA
and 800 MVA respectively and operating at 11 kV are linked by an interconnected cable having
a reactance of 0.5 ohm per phase. Determine the short-circuit capacity of each station.

Solution: Assuming base MVA as 1200, the per cent reactance of one generating station
is 100% and that of the other is

1200
800

 × 100 = 150%

The % reactance of the cable is

    
0 5 1200

11 11
. ×

×
 × 100 = 496%

When a 3-phase fault takes place at 1200 MVA capacity plant the equivalent circuit will
be as follows:

100% 150%
496%

F

When the fault is at F, fault impedance between F and the neutral bus will be 86.59%.

∴ The short-circuit MVA of this bus will be as follows:

1200
86 59.

 × 100 = 1386 MVA. Ans.

For fault at the other station, the equivalent circuit will be as follows:

100% 150%
496%

F

ZPB

The equivalent fault impedance between F and neutral bus will be 119.84%.

∴ The short-circuit MVA will be

1200
119 84.

 × 100 = 1001 MVA. Ans.

Example 13.11: Determine the fault MVA, if a fault takes place at F in the diagram
shown (Fig. E.13.11). The p.u. values of reactance are given with 100 MVA as base. Resistance
may be neglected.

In order to draw Fig. E.13.11(c) from (b), we draw two buses neutral N and the fault
point bus F and arrange the various elements of (b) between these buses. The other network
reductions are quite clear from the figures till we arrive at (g), where the equivalent fault
impedance between the neutral bus and the fault point is 0.14 p.u.

∴ The S.C. MVA = 
100
0 14.

 = 714.28 MVA. Ans.
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j 0.2 �

N

F F(c) (d)

j 0.2 �

j 0.0329 �

j 0.00588 �

j 0.1647 �

j 1.12 � j 0.6 �

N

(e) (f) (g)F

j 0.45976 �

j 0.2 � j 0.14 �

N N

F F

j 0.2 �

j 0.2 �

j 0.6 �

j 1.0 �

F

(a)

j 0.2 �

j 0.2 �

j 0.6 �

j 1.0 �

N

(b)

j 0.2 � j 0.2 �

j 0.6 �

j 0.6 � j 0.6 �

j 0.6 �

F
j 0.2 � j 0.2 �

j 0.2 � j 0.2 � j 0.2 �

j 0.2 �

j 1.0 �

j 1.0 �j 0.6 �
j 0.6 �

N

j 0.2 �

j 0.6 �

j 0.04 �

j 1.12 �

j 1.12 �

j 0.00588 �

������������

Example 13.12: An alternator and a synchronous motor each rated for 50 MVA, 13.2
kV having subtransient reactance of 20% are connected through a transmission link of reactance
10% on the base of machine ratings. The motor acts as a load of 30 MW at 0.8 p.f. lead and
terminal voltage 12.5 kV when a 3-phase fault takes place at the motor terminals. Determine
the subtransient current in the alternator, the motor and the fault.

Solution: Taking base quantities as 50 MVA, 13.2 kV,

The base current = 
50 1000

3 13.2

×
×

 = 2186 amps

The prefault voltage = 
12.5
13.5

 = 0.9469 p.u.
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Take this voltage as the reference.

F

j 0.1 �

j 0.2 �j 0.2 �

The fault impedance = 
j j

j
0 3 0 2

0 5
. .

.
×

 = j0.12 p.u.

∴ The fault current = 
0 9469

0 12
.

.j
 = – j7.89 p.u.

The full load current before the fault takes place = 
30 1000

3 12 5 0 8

×
× ×. .

 = 1732 amps

p.u. load current = 
1732
2186

 = 0.7923 ∠ 36.8°

   = 0.6344 + j0.4746

The p.u. fault current supplied by the motor = – j7.89 × 3/5 = – j4.734

and that supplied by the generator = – j7.89 × 2/5 = – j3.156.

∴ The net current supplied by the generator during fault

= – j3.156 + 0.6344 + j0.4746

= 0.6344 – j2.6814 = 2.755 p.u.

The net current supplied by the motor – 0.6344 – j0.4746 – j4.734

= (– 0.6344 – j5.2086) p.u. = 5.247 p.u.

∴ Fault current from the generator = 2.755 × 2186 = 6022 amps.

Fault current from the motor = 5.247 × 2186 = 11470 amps

and fault current = – j17247 amps. Ans.

Example 13.13: A station operating at 33 kV is divided into sections A and B. Section A
consists of three generators 15 MVA each having a reactance of 15% and section B is fed from
the grid through a 75 MVA transformer of 8% reactance. The circuit breakers have each a
rupturing capacity of 750 MVA. Determine the reactance of the reactor to prevent the breakers
being overloaded if a symmetrical short circuit occurs on an outgoing feeder connected to A.

Solution: The system is given below:

A B

75 MVA

Assume the base MVA as 75.

The p.u. reactance of each generator = 0.15 × 
75
15

 = j0.75
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The p.u. reactance of transformer = j0.08 p.u.

Let x% be the reactance of the reactor for base of 75 MVA. The equivalent circuit for a
fault of A is as shown in diagram.

j 0.75 � j 0.08 �

jx

The per cent impedance between the fault point and the neutral bus is

0 25 0 08
0 25 0 08

0 25 0 0200
0 33

. ( . )
. .

. .
.

X
X

X
X

+
+ +

= +
+

Now         S.C. MVA = 
Base MVA

p.u. impedance

or       750 = 
75(X

X
+
+
0 33

0 25 0 02
. )

. .
   187X + 15.00 = 75X + 24.75

    112X = 9.75

   X = 0.08705 p.u.

∴ Actual value of reactance in ohms = 
0 08705 33

75

2. ×
 = 1.264 ohms. Ans.

Example 13.14: A double line to ground fault occurs on phases b and c, at point P in the
circuit whose single line diagram is shown in Fig. 13.22(a). Determine the subtransient currents
in all phases of machine-1, the fault current and the voltages of machine I and voltages at the
fault point. Neglect pre-fault current. Assume that machine-2 is a synchronous motor operating
at rated voltage. Both the machines are rated 1.25 MVA, 600 volts with reactances of X″ = X2
= 8% and X0 = 4%. Each 3-phase transformer is rated 1.25 MVA, 600 volts delta/4160 volts star
with leakage reactance of 5%. The reactances of transmission line are X1 = X2 = 12% and
X0 = 40% on a base of 1.25 MVA, 4160 volts.

Solution: Select 600 volts, 1.25 MVA as base quantities in the generator circuit. Since
the transformation ratio is 600/4160 volts and the transformer is rated at 1.25 MVA, no change
of reactances is required.

From Fig. 13.22, the Thevenin’s equivalent impedances are:

Z1 eq = (8 + 5) || (8 + 5 + 12) = 8.55%

Z2 eq = 8.55%

Z0 eq = 5 || 45 = 4.5%

Now   Ia1  = 
E

Z
Z Z

Z Z

a

eq
eq eq

eq eq
1

0 2

0 2
+

+
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 Ia1
 = 

10

0 0855
0 0855 0 045

0 1305

.

.
. .

.
j

j j
j

+ ×

= – j 8.697 p.u.

 Ia2
 = 

I Z

Z Z
a eq

eq eq

1 0

0 2+

= – 
j j

j
8 697 0 045

0 1305
. .

.
×

= j 3.0 p.u.

Ia0
 = – 

j j
j

8 697 0 0855
0 1305

. .
.
×

= j 5.698 p.u.

   Va1
 = 1.0 – (– j8.697) (j0.0855)

= 1.0 – 0.7436 = 0.2564

 Va2
 = – Ia2

Z2 eq = – (j 3.0) (j 0.0853)

= 0.2564

Similarly  Va0
 = 0.2564

The fault current  Ia = 0

  Ib = (– 0.5 – j0.866) (– j8.697) + (– 0.5 + j0.866) (j3.0) + j5.698

= j4.3485 – 7.5316 – j1.5 – 2.598 + j5.698

= – 10.1296 + j 8.5465

= 13.25/ .139 85

  Ic = (– 0.5 + j 0.866) (– j8.697) + (– 0.5 – j0.866)* (j3.0) + j5.698

= – 10.1296 – j 8.5465

= 13.25/ .220 15
The current supplied by machine 1 are

Ia1
 = – j8.697 × 

25
38

 = – j5.722

or IA1
 = j Ia1

 = 5.722

Ia2
 = j3 × 

25
38

 = j1.9737

or  IA2
 = 1.9737

∴ IA = 5.722 + 1.9737 = 7.6956

IB = (– 0.5 – j0.866) (5.722) + (– .05 + j0.866) (1.9737)

   = – 2.861 – j4.955 – 0.9868 + j1.709

   = – 3.8478 – j3.246
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   = 5.034/ .220 15

IC = 5.034 / .139 85

Voltages at the fault point

 Va = Va1
 + Va2

 + Va0

= 3 × 0.2564

= 0.7692 p.u.

 Vb = 0 and Vc = 0

Vab = Va – Vb = 0.2564 – 0 = 0.2564 p.u.

Vbc = Vb – Vc = 0.0

Vca = Vc– Va = – 0.2564 p.u.

Now the sequence voltages in the generator circuit are

  VA1  = 1.0 – (5.722) (j0.05)

= 1 – j0.2861

 VA2
 = – 1.9737* (j0.05)

 VA = 1 – j0.2861 – j0.098685

= 1 – j0.3848

= 1.0715/21°  p.u.

VB = (– 0.5 – j0.866)(1 – j0.2861) + (– 0.5 + j0.866) (– j0.09868)

= – 0.5 + j0.1430 – j0.866 – 0.24776

= – 0.74776 – j0.723

= 1.04/224

 VC = (– 0.5 + j0.866) (1 – j0.2861) + (– 0.5 – j0.866) (– j0.09868)

= – 0.74776 + j0.723

= 1.04/136°
  VAB = VA – VB

= 1.0 – j0.3848 + 0.74776 + j0.723

= 1.74776 + j0.3382

= 1.78/ .10 95°
 VBC = VB – VC

= – 0.74776 – j0.723 + 0.74776 – j0.723

= – j1.446

 VCA = VC – VA

 = – 0.74776 – j0.723 – 1 + j0.3848

= – 1.74776 – j0.3382

= 1.78/ .190 95 Ans.
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Example 13.15: A generator supplies a motor through a Y/∆ transformer. The generator
is connected to the star side of the transformer. A fault occurs between the motor terminals
and the transformer. The symmetrical components of the subtransient current in the motor
flowing towards the fault are Ia1

 = – 0.8 – j2.6 p.u., Ia2
 = – j2.0 p.u. and Ia0

 = – j3.0 p.u. From
the transformer towards the fault Ia1

 = 0.8 – j0.4 p.u., Ia2
 = – j1.0 p.u. and Ia0

 = 0. Assume X″
= X2 for both the motor and the generator. Describe the type of fault. Find (i) the pre-fault
current if any, in line ‘a’ (ii) the subtransient fault current in p.u. and (iii) the subtransient
current in each phase of the generator in p.u.

Solution: The system is shown in Fig. E.13.15.1

Since the currents contain zero sequence components the fault is either L-G or
L-L-G. The total fault current is the sum of fault currents fed from the transformer side and
the motor side.

M
P

Y/
�

G

�����������
��

Total positive sequence fault current

= – 0.8 – j2.6 + 0.8 – j0.4

= – j3.0

Similarly, it is found that total negative sequence and zero sequence fault currents are
Ia2

 = – j3.0 and Ia0
 = – j3.0. Since all the three sequence components of current are equal, it is

a L-G fault.

(i) Let the prefault current be a + jb and since for L-G fault total Ia1
 = total Ia2

 = total
Ia0

 = – j3.0 p.u. in the case. The distribution of negative sequence current is – j2.0 p.u. from the
motor and – j1.0 from the generator side i.e., the ratio of the reactance from the two sides is
1 : 2 i.e., it is given as in Fig. E.13.15.2.

P
Xg2

XT2
Xm2

–j 2.0–j 1.0

�����������
��

Therefore, positive sequence current supplied by the motor would be – j2.0 and that by
generator – j1.0 if the prefault current is neglected. Now considering the prefault current, we
should have positive sequence current supplied by the motor as

– j2.0 – (a + jb) = – 0.8 – j2.6

Separating the real and imaginary quantities, we have – 2 – b = – 2.6

and – a = – 0.8

or    b = 0.6

and    a = 0.8
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Therefore, the prefault current is

(0.8 + j0.6)

(ii) The subtransient fault current = 3 Ia1
 = – j9.0 p.u.

(iii) The sequence components from the generator are

Ia1
 = 0.8 – j0.4, Ia2

 = – j1.0, Ia0
 = 0

  IA1
 = j(0.8 – j0.4)IA2

= – j(– j1.0)

 IA1
= j0.8 + 0.4 IA2

= – 1.0

  IA = IA1
 + IA2

 = + j0.8 + 0.4 – 1.0

  = – 0.6 + j0.8. Ans.

 IB = λ2IA1
 + λ IA2

  = (0.5 – j0.866) (j0.8 + 0.4) + (– 0.5 + j0.866) (– 1.0)

= – j0.4 – 0.2 + 0.6928 – j0.3464 + 0.5 – j0.866

= 0.9928 – j1.6124. Ans.

 Ic = λ2 IA1
 + λ2IA2

= (– 0.5 + j0.866) (0.4 + j0.8) = (– 0.5 – j0.866) (– 1.0)

= – 0.2 – j0.4 + j0.3464 – 0.6928 + 0.5 + j0.866

= – 0.3928 + j0.8124. Ans.

Similarly the currents from the motor side can be computed.

Example 13.16: A transformer is rated at 11 kV/0.4 kV, 500 kVA, 5% reactance.
Determine the short circuit MVA of the transformer when connected to an infinite bus.

Solution: Since the transformer is connected to an infinite bus, the p.u. impedance of
the circuit will be 0.05 i.e., the p.u. impedance offered by the transformer.

∴ S.C. MVA = 
0 5
0 05

.
.

 = 10 MVA. Ans.

Example 13.17: Three identical resistors are star connected and rated 2500 volts, 500
kVA as a three phase unit. The resistors are connected to the low-tension side of a ∆/Y
transformer. The voltage at the resistor load are

| Vab | = 2000 volts, | Vbc | = 2800 volts

and | Vca | = 2500 volts. Select base as 2500 volts

500 kVA, find the line voltages and currents in per unit on the delta side of the
transformer. Assume that the neutral of the load is not connected to the neutral of the
transformer secondary.

Solution: The per unit voltages are

| Vab | = 
2000
2500

 = 0.8 p.u.

| Vbc | = 
2800
2500

 = 1.12 p.u.

| Vca | = 1.0 p.u.
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Assuming an angle of 180° of Vca and using the law of cosines.

�

c 119.96°

Vab

Vbc

Vca

(a)

���������������

1.122 = 0.82 + 1.02 + 2*0.8* 1.0 cos α
       α = 103.94°

Similarly

  0.82 = 1.122 + 1.02 + 2* 1* 1.12 cos β
        β = 136.1°

The line voltages are

∴ Vab = 0.8/ .76 06

Vca = 1.0/180°

Vbc = 1.12 / – .43 9°
The symmetrical components of the line voltages are

 Vab1
= 

1
3

[Vab + λVbc + λ2Vca]

= 
1
3

[0.8/ .76 06 + 1.12/ .− +43 9 120 + 1.0 /180 240+ °]

= 
1
3

[0.1927 + j 0.7764 + 0.2690 + j1.0872 + 0.5 + j 0.866]

= 0.3205 + j0.9098

= 0.9646/ .70 59°

Vab2
 = 

1
3

[0.8/ .76 06 + 1.12 / .− +43 9 240 + 1.0 /180 120+ ]

= 
1
3

 [0.1927 + j0.7764 – 1.0760 – j0.3106 + 0.5 – j0.866]

= – 0.1277 – j0.1334

= 0.1846/ .226 25°
As neutral is isolated Vab0

 = 0.

In order to evaluate the positive and negative sequence components of phase to neutral
voltage, we take Vab1

 and Vab2
 as the reference phases as shown in the following figure.
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Vca1
Vbc1

Vab1

Van1

Vcn1
Vcn1

n

Vab2

Vbc2
Vca2

Van2

(b)

���������������

From Fig. 13.17(b)

  Van1
 = Vab1 / − °30

= 0.9646/ .70 59 30−

= 0.9646/ .40 59 p.u.

and  Van2
= Vab2 /30°

= 0.1846/ .226 25 30+ °

= 0.1846/ .256 25

Since each resister has an impedance of 1.0 /0° p.u.

   Ia1
 = 

Van1

10 0. / °
 = 0.9646/ .40 59

and    Ia2
 = 

Van2

10 0. / °
 = 0.1846/ .196 25°

Van1
and Van2

are the voltages on the star connected low voltage side of the transformer.
The corresponding voltages on the delta side (high tension) are

 VA1
 = – jVan1

 = 0.9646/ .40 59 90−

= 0.9646/ .− 49 41
= 0.6276 – j0.7325

 VA2  = – jVan2
 = 0.1846 / 256.25 +  90

= 0.1846/ .− ° 13 75
= 0.1793 – j 0.04387

∴        VA = VA1
 + VA2

 = 0.9646/ .−  49 41 + 0.1846/ .− ° 13 75

= 0.8069 – j 0.7763

= 1.12/ .−  43 9

   VB1  = λ2VA1
 = 0.9646 / .− + 49   41 240

= – 0.9481 – j 0.1773
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 VB2
 = λVA2

 = 0.1846/ .− + ° 13   75 120

= – 0.0516 + j 0.1772
 VB = VB1

 + VB2
 = 1.0/180°

   VC1
 = λVA1

 = 0.9646 / –  49.41 +  120°
= 0.3205 + j 0.9097

∴       VC2
 = λ2VA2 = 0.1846 / –  13.75 +  240°
= – 0.1276 – j0.1333

       VC = VC1
 + VC2

 = 0.1929 + j 0.7764

= 0.8/ .76 06
Now       VAB = VA – VB

= 0.8069 – j0.7763 + 1

= 1.8069 – j 0.7763

= 1.967 / .−  23 25 (line to neutral voltage base)
= 1.1356 – 23.25 (line to line voltage base)

Similarly       VBC = VB – VC

= – 1.0 – 0.1929 – j0.7764

= – 1.1929 – j0.7764
= 1.423 / .213 05°  p.u. (line to neutral voltage base)

= 
1423

213 05
.

./
3

= 0.8215 / .213 05°  p.u. (line to line voltage base)
      VCA = VC – VA

= 0.1929 + j0.7764 – 0.8069 + j0.7763
= – 0.614 + j1.5527

= 1.6697 / .11157° (line to neutral voltage base)

= 0.9639 / .11157° p.u. (line to line voltage base)
As the load impedance in each phase is resistive and one p.u., Ia1

 and Van1
 are found to

have identical p.u. values. Similarly Ia2
 and Van2

 are identical in p.u. Therefore, IA  must be
identical to VA expressed in p.u. thus

IA = 1.12 / −  43.9

IB = 1.0 /180°

and IC = 0.8 /76.06°. Ans.

������ �

13.1. The line currents in a 3-phase supply to an unbalanced load are respectively Ia = 10 + j20, Ib = 12
– j10 and Ic = – 3 – j5 amperes. The phase sequence is abc. Determine the sequence compo-
nents of  currents.
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13.2. The voltages across a 3-phase unbalanced load are Va = 300 V, Vb = 300 ∠ – 90° V and
Vc = 800 ∠ 143.1° V respectively. Determine the sequence components of voltages. Phase sequence
is abc.

13.3. Three 6.6 kV, 12 MVA, 3-phase alternators are connected to a common set of busbars. The positive,
negative and zero sequence impedances of each alternator are 15%, 12% and 4.5% respectively.
If an earth fault occurs on one busbar, determine the fault current:

(i) if all the alternator neutrals are solidly grounded;

(ii) if one only of the alternator neutrals is solidly earthed and the others are isolated;

(iii) if one of the alternator neutrals is earthed through a reactance of 0.5 ohm and the others are
isolated.

13.4. A 3-phase alternator is connected to a star/delta transformer through a transmission line as
shown here:

P

����������	

The positive, negative and zero sequence impedances of the alternator are j0.1, j0.1 and j0.05 p.u.
respectively and those of transformer are j0.05 p.u. each. A line-to-ground fault occurs at P as
shown. The respective sequence impedances on the left and right of the fault point are X″L= j0.2
p.u., XL2

 = j0.2 p.u. and XL0
 = j0.4 p.u. and Xr″ = j0.2, Xr2

= j0.2 and Xr0  = j0.4 p.u. Determine
the line current feeding into the fault and voltages at the fault when (i) the generator is grounded
as shown, (ii) the generator neutral is isolated.

13.5. A 50 Hz, 50 MVA, 13.2 kV star grounded alternator is connected to a line through a ∆/Y transformer
as shown here. The positive, negative and zero sequence impedances of the alternator are j0.1,
j0.1 and j0.05 p.u. respectively.

P Q R

����������


The transformer rated at 13.2 kV ∆/120 kV Y, 50 MVA with star solidly grounded has the sequence
impedances of X″ = X2 = X0 = j0.1 p.u. each. The line impedances between Q and R are X″ = j0.03,
X2 = j0.03 and X0 = j0.09 p.u., respectively. Assuming the fault to take place at P, determine the
subtransient fault current for a (i) 3-phase fault, (ii) a line-to-ground fault, (iii) a line-to-line
fault, (iv) a double line-to-ground fault. Also express these fault currents as a percentage of 3-
phase fault current as calculated in (i).

13.6. Solve Problem 13.5 when fault is at point Q.

13.7. Solve Problem 13.5 when fault is at point R.

13.8. Solve Problem 13.5 when the neutral of the alternator is grounded through an impedance of j0.2
ohm.

13.9. A 50 Hz, 13.2 kV, 15 MVA alternator has X″ = X2 = 20% and X0 = 8% and its neutral is grounded
through a reactor of 0.5 ohm. Determine the initial symmetrical r.m.s. current in the ground and
in line c, when a double line-to-ground fault occurs on phase b and c and the generator voltage is
12 kV before the fault takes place.
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13.10. A 3-phase generator is rated for 60 MVA, 6.9 kV and subtransient reactance Xd″ = j0.15 p.u. The
generator feeds a motor through a line with impedance of j0.1 p.u. on generator rating. The
motor is rated at 10 MVA and 6.9 kV with Xd″ = j0.2 p.u. on the motor base. The voltage at the
terminal of the motor is 1 p.u. and takes a load current of 1.0 p.u. at unity p.f. A symmetrical
fault occurs at the motor terminals. Determine the subtransient r.m.s. current at the fault, in
the generator and in the motor.

13.11. A 65-MVA star  connected 16 kV synchronous generator is connected to a 20 kV/120 kV, 75 MVA
∆/Y transformer. The subtransient reactance Xd″ of the machine is 0.12 p.u. and the reactance of
transformer is 0.1 p.u. When the machine is unloaded, a 3-phase fault takes place on the HT side
of the transformer. Determine (i) the subtransient symmetrical fault current on both sides of the
transformer, (ii) the maximum value possible of the d.c. current. Assume 1 p.u. generator volt-
age.

13.12. If in problem 13.11 a 3-phase balanced  impedance (on a base of 120 kV and 75 MVA) of (0.8 +
j0.6) p.u. ohm is connected across the transformer terminals at 120 kV and a fault takes place
beyond the load terminals as shown in Fig. P.13.12, determine the subtransient fault current
and the generator current using the Thevenin’s theorem. Assume per-fault voltage to be 1.0 p.u.

Load

������������

13.13. Four 50 MVA generators of 15% reactance each are connected via four 35 MVA reactors each of
10% reactance to a common bus bar. The feeders are each connected to the junction of each
alternator and its reactor. Determine the rating of each feeder circuit breaker.

13.14. Two 50 MVA, 50 Hz, 11 kV alternators with sub-transient reactance X″ = j0.1 p.u. and a trans-
former of 40 MVA 11 kV/66 kV and reactance of 0.08 p.u. are connected to a bus A. Another
generator 60 MVA, 11 kV alternator with reactance of 0.12 p.u. is connected to bus B. Bus A and
B are interconnected through a reactor of 80 MVA 20 per cent reactance. If a 3-phase fault occurs
on the high voltage side of the transformer, calculate the current fed into the fault.

13.15. Two generating stations having short circuit capacities of 1500 MVA and 1000 MVA respectively
and operating at 11 kV are linked by an interconnected cable having a reactance of 0.6 ohm per
phase, determine the short circuit capacity of each station.

13.16. A 33 kV 3-phase transmission line of resistance 2 ohm and reactance 8 ohm is connected at each
end to 2 MVA 33/6.6 kV ∆/Y transformer. The resistance and reactance drops of the transformers
are 1% and 3% respectively. Determine the fault current in each section of the system when a
3-phase fault take place on the low voltage side of the step-down transformer. Assume a source
with zero impedance.

13.17. Four busbar sections have each a generator of 40 MVA 10% reactance and a busbar reactor of 8%
reactance. Determine the maximum MVA fed into a fault on any bus bar section and also the
maximum MVA if the number of similar bus bars in sections is very large.

13.18. A 30 MVA, 11 kV generator has subtransient reactance of 10%, supplies power to three identical
motors through a transformer as shown in Fig. P.13.18. Each motor is rated for 8 MVA, 6.6 kV
with subtransient and transient reactances of j0.15 and j0.25 p.u. respectively. The transformer
is rated for 30 MVA, 11 kV/6.6 kV and leakage reactance 8%. The motor  bus bar voltage is 6.6 kV
when a 3-phase fault takes place at F. Determine (i) the subtransient current in the fault, (ii)
the subtransient current in breaker B, (iii) the momentary current in breaker B, and (iv) the
current to be interrupted by breaker B in 8 cycles.
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13.19. A power plant has two generators of 10 MVA, 15% reactance each and two 5 MVA generators of
10% reactance paralleled at a common bus bar from which load is taken through a number of 4
MVA step up transformers each having a reactance of 5%. Determine the short circuit capacity
of the breakers on the (i) low voltage, and (ii) high voltage side of the transformer.

13.20. A 3-phase, 5 MVA, 6.6 kV alternator with a reactance of 8% is connected to a transmission line
of series impedance (0.12 + j0.48) ohm per km. The transformer is rated at 3 MVA, 6.6 kV/33 kV
and reactance 5%. Determine the fault current supplied by the generator operating under no
load with voltage 6.9 kV when a 3-phase delta connected fault occurs 15 km along the line with
fault impedance between each line being (12 + j48) ohms.

13.21. A single line-to-ground fault occurs on phase a at point P in the circuit whose single line diagram
is shown here. Determine the subtransient current in phase a of machine 1 and in the fault at P.
Neglect prefault current. Assume that machine 2 is a synchronous motor operating at rated
voltage. Both machines are rated. 1.5 MVA, 600 volts with reactances of X″ = X2 = 8% and X0 =
4%. Each 3-phase transformer is rated 1.25 MVA, 660 volts delta/ 4160 volts star with leakage
reactance of 5%. The reactances of transmission line are X1 = X2 = 12% and X0 = 40% on a base of
1.25 MVA, 4160 volts.

R P

������������

13.22. Solve Problem 13.21 when fault is at R.
13.23. A 50 Hz, 80 MVA, 11 kV generator has positive, negative and zero sequence impedances of j0.4,

j0.3 and j0.1 p.u. respectively. The generator is connected to a busbar A through a transformer
having X1 = X2 = X0 = j0.4 p.u. on 100 MVA base and rated voltage. Determine the ohmic resis-
tance and rating of the earthing resistor such that for a L-G fault on busbar B the fault current
of the generator does not exceed full load current. A reactor of reactance 0.08 p.u. on 100 MVA
base is connected between busbars A and B.
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